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Plan of the talk:

• Integrable systems and field generalizations

• Yang-Baxter equations

• Integrable tops and 1+1 Landau-Lifshitz equations from R-matrices

• Many-body systems and field generalizations

• IRF-Vertex correspondence: gauge equivalence



Integrable systems

Mechanics (ODE) Field theory (PDE)

1-body closed Toda model: Sine-Gordon equation:
q = q(t), q̈ = sinh(q) q = q(t, x), ∂2

t q − ∂2
xq = sinh(q)

1-body open Toda model: Liouville filed theory:
q = q(t), q̈ = −eq q = q(t, x), ∂2

t q − ∂2
xq = −eq

Euler top in 3d: Landau-Lifshitz equation:

~S = ~S(t), ~̇S = ~S × J(~S) ~S = ~S(t, x), ∂t~S = ~S × ∂2
x
~S + ~S × J(~S)

~S(t) − angular momentum vector ~S(t, x) − magnetization vector in magnet

Free (isotropic) top: Heisenberg magnet:

~S = ~S(t), ~̇S = 0 ~S = ~S(t, x), ∂t~S = ~S × ∂2
x
~S



Integrable systems in classical mechanics

Hamiltonian mechanics: Hamiltonian function H and Poisson brackets { , } provide equations of
motion ḟ = {H, f}.

Many-body systems: N particles with positions qi ∈ C, momenta pi ∈ C and the Hamiltonian
function of the form

H =
N∑
i=1

p2
i

2
+

N∑
i<j

U(qi − qj) .

Canonical Poisson structure:

{pi, qj} = δij , {pi, pj} = {qi, qj} = 0 , i, j = 1...N .

We need: N independent integrals of motion Hk(p, q) with involution property

{Hi, Hj} = 0 .



Euler-Arnold tops

Dynamical variables:

S =

N∑
i,j=1

SijEij ∈ Mat(N) ,

where Eij is a standard basis in Mat(N,C).
The Euler-Arnold equations:

Ṡ = [S, J(S)] ,

where
J(S) =

∑
Jij,klSklEij

is a linear functional, and Jij,kl – some set of constants. From the point of view of rotation in
multidimensional space J – inverse inertia tensor.

The Hamiltonian

H =
1

2
tr(SJ(S))

The Poisson brackets are given by the linear Poisson-Lie structure on gl∗N :

{Sij , Skl} = δilSkj − δkjSil .



Lax equations and classical r-matrix
Let L and M are matrices (matrix-valued functions on the phase space), and equations of motion
are represented in the form of Lax equation:

L̇ = [L,M ] , L̇ = {H,L} =
∑
i,j

Eij{H,Lij} , L,M ∈ Mat(N,C)

Then Hk = tr(Lk) are integrals of motion:

L̇k = [Lk,M ] ,
d

dt
tr(Lk) = tr(LkM −MLk) = 0 .

Introduce notation {L1 , L2} =
∑
ijkl

Eij ⊗ Ekl {Lij , Lkl} ∈ Mat⊗2
N . If there exists such r12 ∈ Mat⊗2

N

(classical r-matrix) that

{L1 , L2} = [L1, r12]− [L2, r21] , L1 = L⊗ 1 , L2 = 1⊗ L

r12 =
∑
ijkl

rij,klEij ⊗ Ekl , r21 =
∑
ijkl

rij,klEkl ⊗ Eij

then the conservation laws are in involution {Hi, Hj} = 0.



The same with spectral parameter
Let L(z) and M(z) are matrices (matrix-valued functions on the phase space), z – auxiliary
parameter and equations of motion are represented in the form

L̇(z) = [L(z),M(z)] , ∀z L̇(z) = {H,L(z)} =
∑
ij

Eij{H,Lij(z)}

Then Hk(z) = tr(Lk(z)) are generating functions of integrals of motion:

tr(Lk(z)) =
∑
m

(z − z0)mHk,m ,
d

dt
Hk,m = 0 ∀k,m

Introduce notation {L1(z) , L2(w)} =
∑
ijkl

Eij ⊗ Ekl {Lij(z), Lkl(w)}. If there exists such

r12 ∈ Mat⊗2 (classical r-matrix) that

{L1(z) , L2(w)} = [L1(z), r12(z, w)]− [L2(w), r21(w, z)] ,

where L1(z) = L(z)⊗ 1 and L2(w) = 1⊗ L(w). Then {Hi,m, Hj,n} = 0.



The Jacobi identity in Mat⊗3 for the Poisson brackets

{{L1(z1), L2(z2)}L3(z3)}+ cycl. = 0

is fulfilled if the classical Yang-Baxter equation holds true

[r12, r13] + [r12, r23] + [r13, r23] = 0 , rij = rij(zi − zj) , r12(z) =
∑
ijkl

rij,kl(z)Eij ⊗ Ekl ⊗ 1N ,

r23(z) =
∑
ijkl

rij,kl(z) 1N ⊗ Eij ⊗ Ekl , r13(z) =
∑
ijkl

rij,kl(z)Eij ⊗ 1N ⊗ Ekl .

In quantum case it is generalized to the quantum Yang-Baxter equation for quantum R-matrix:

R~
12 R

~
13 R

~
23 = R~

23 R
~
13 R

~
12 , R~

ij = R~
ij(zi − zj)

(here R-matrix is non-dynamical). In the quasi-classical limit

R~
12 = 1⊗ 1 + ~r12 +O(~2)

the latter reproduces the classical Yang-Baxter equation.



The Calogero-Moser model:

H2 =

N∑
i=1

p2
i

2
− ν2

N∑
i<j

℘(qi − qj) ,

where ν – coupling constant, ℘(q) – Weierstrass ℘-function. Its equations of motion are written in
the Lax form with

L(z) =



p1 νφ(z, q1 − q2) νφ(z, q1 − q3) . . . νφ(z, q1 − qN )

νφ(z, q2 − q1) p2 νφ(z, q2 − q3) . . . νφ(z, q2 − qN )

...
...

...
. . .

...
νφ(z, qN − q1) νφ(z, qN − q2) νφ(z, qN − q3) . . . pN


where z – spectral parameter (Krichever 1980). It is a local coordinate on (elliptic) curve.



Lij(z) = δijpi + ν(1− δij)φ(z, qij) , qij = qi − qj , φ(z, q) =
ϑ′(0)ϑ(q + z)

ϑ(q)ϑ(z)
,

Mij(z) = νdiδij + ν(1− δij)f(z, qij) , di = −
N∑
k 6=i

f(0, qik) ,

where f(z, q) = ∂qφ(z, q).
φ(z, q) is the elliptic Kronecker function. It satisfies the Fay identity (summation formula):

φ(~, q1 − q2)φ(η, q2 − q3) = φ(~− η, q1 − q2)φ(η, q1 − q3) + φ(η − ~, q2 − q3)φ(~, q1 − q3)

for the Kronecker function:

φ(η, z) =



1/η + 1/z ,

coth(η) + coth(z) ,

ϑ′(0)ϑ(η + z)

ϑ(η)ϑ(z)
.

E1(z) =



1/z ,

coth(z) ,

ϑ′(z)

ϑ(z)

℘(z) =


1/z2 ,

1/ sinh2(z) ,

−E′1(z) + const

Degeneration:

φ(z, qab)f(z, qbc)− f(z, qab)φ(z, qbc) = φ(z, qac)(℘(qab)− ℘(qbc)) ,

f(z, q) = ∂qφ(z, q) , f(0, q) = −℘(q) + const

These identities are widely used in integrable systems (Lax equations, R-matrix structures,...)



Quantum Yang-Baxter equation:

R~
12(q1, q2)R~

13(q1, q3)R~
23(q2, q3) = R~

23(q2, q3)R~
13(q1, q3)R~

12(q1, q2)

We assume R~
12(q1, q2) = R~

12(q1 − q2) ≡ R~
12(q12) ≡ R~

12

Associative Yang-Baxter equation (A. Kirillov, A. Polishchuk):

R~
12(q12)Rη23(q23) = Rη13(q13)R~−η

12 (q12) +Rη−~
23 (q23)R~

13(q13)

Example of common solution: Yang’s R-matrix

RYang
12 (q1, q2) =

1⊗ 1

~
+

NP12

q1 − q2
, P12 =

N∑
i,j=1

Eij ⊗ Eji ,

where P12 is the matric permutation operator: P12(a⊗ b) = b⊗ a, a, b ∈ CN .

...,trigonometric (XXZ),..., elliptic Baxter-Belavin (XYZ).



In scalar case YB is empty condition while the AYBE

R~
12(q12)Rη23(q23) = Rη13(q13)R~−η

12 (q12) +Rη−~
23 (q23)R~

13(q13)

is the Fay identity (can be considered as functional equation for the Kronecker elliptic function)

φ(~, q12)φ(η, q23) = φ(~− η, q12)φ(η, q13) + φ(η − ~, q23)φ(~, q13) , qij = qi − qj

The quasi-classical limit

R~
12(q) =

1

~
1⊗ 1 + r12(q) + ~m12(q) +O(~2) .

is similar to expansion of φ(~, q) near ~ = 0:

φ(~, q) = ~−1 + E1(q) + ~ (E2
1(q)− ℘(q))/2 +O(~2) , E1(q) = ϑ′(q)/ϑ(q)

R~
12(q) – matrix analogue of φ(~, q) and r12(q) – matrix analogue of E1(q) = ϑ′(q)/ϑ(q).



Euler-Arnold tops

Dynamical variables:

S =

N∑
i,j=1

SijEij ∈ Mat(N) ,

where Eij is a standard basis in Mat(N,C).
The Euler-Arnold equations:

Ṡ = [S, J(S)] ,

where
J(S) =

∑
Jij,klSklEij

is a linear functional, and Jij,kl – some set of constants. From the point of view of rotation in
multidimensional space J – inverse inertia tensor.

The Hamiltonian

H =
1

2
tr(SJ(S))

The Poisson brackets are given by the linear Poisson-Lie structure on gl∗N :

{Sij , Skl} = δilSkj − δkjSil .



If R is a solution of associative Yang-Baxter equation (AYBE) with skew-symmetry and unitarity
properties and the quasi-classical expansion

R~
12(z) =

1

~
1N ⊗ 1N + r12(z) + ~m12(z) +O(~2)

then the Lax equation
L̇(z, S) = [L(z, S),M(z, S)]

holds true identically in z and is equivalent to the Euler-Arnold top equations with the following
data:

L(z, S) = tr2(r12(z)S2) , M(z, S) = tr2(m12(z)S2) , S2 = 1⊗ S

r12(z) =
∑
ijkl

rij,kl(z)Eij ⊗ Elk tr2(r12(z)S2) =
∑
ijkl

rij,kl(z)Eij tr(EklS) =
∑
ijkl

rij,kl(z)Slk Eij ,

J(S) = tr2(m12(0)S2)

where r12(z) and m12(z) comes from the quasi-classical expansion.



Example: Cherednik’s 7-vertex trigonometric R-matrix

R~(z) =


coth(z) + coth(~) 0 0 0

0 sinh−1(~) sinh−1(z) 0

0 sinh−1(z) sinh−1(~) 0

−4 e−2Λ sinh(z + ~) 0 0 coth(z) + coth(~)


provides

J(S) =
1

6

 2S11 − S22 0

−24 e−2ΛS12 −S11 + 2S22

 , S =

 S11 S12

S21 S22

 .



1+1 Integrable Field Theories

Instead of Lax equation we deal with the zero curvature equation known as the Zakharov-Shabat
equation:

∂tU(z)− k∂xV (z) + [U(z), V (z)] = 0 , U(z), V (z) ∈ Mat(N,C) ,

In the limit to the finite-dimensional case the term ∂xV (z) vanishes, and the Zakharov-Shabat
equation becomes the Lax equation, where L(z) is the limit of U(z), while M(z) coincides with
the limit of V (z) up to some expression commuting with L(z).



The conservation laws in the field case are generated by tr(T k(z, 2π)), where T (z, x) ∈ Mat(N,C)
is the monodromy matrix

T (z, x) = Pexp
( x∫

0

dy U(z, y)
)
.

The sufficient condition for the Poisson commutativity

{tr(T k(z, 2π)), tr(Tm(w, 2π))} = 0

was suggested by J.-M. Maillet and is know as the non-ultralocal Maillet bracket:

{U1(z, x), U2(w, y)} =(
− k∂xr12(z, w|x) + [U1(z, x), r12(z, w|x)]− [U2(w, y), r21(w, z|x)]

)
δ(x− y)−

−
(
r12(z, w|x) + r21(w, z|x)

)
δ′(x− y) .

If r12(z, w|x) + r21(w, z|x) 6= 0 then the bracket is called non-ultralocal.



For construction of the U-V pair for Landau-Lifshitz glN magnet we use degenerations of AYBE

R~
12R

η
23 = Rη13R

~−η
12 +Rη−~

23 R~
13 , Rxab = Rxab(za − zb)

In particular, we have

[m13(z1) +m23(z2), r12(z1 − z2)] = [m12(z1 − z2) +m13(z1), r23(z2)]

[m13(z), r12(z)] = [r12(z),m23(0)]− [∂zm12(z), NP23] + [m12(z), r
(0)
23 ] + [m13(z), r

(0)
23 ] ,

where r
(0)
12 comes from the expansion

r12(z) =
1

z
NP12 + r

(0)
12 +O(z) , P12 =

N∑
i,j=1

Eij ⊗ Eji ,

where P12 is the matric permutation operator: P12(a⊗ b) = b⊗ a, a, b ∈ CN . Also

r12(z)r13(z+w)− r23(w)r12(z) + r13(z+w)r23(w) = m12(z) +m23(w) +m13(z+w) .

r12(z)r13(z) = r
(0)
23 r12(z)− r13(z)r

(0)
23 −N∂zr13(z)P23 +m12(z) +m23(0) +m13(z) .



Consider the special case:

S2 = cS ,

where c ∈ C is some constant. This condition means that the eigenvalues of the matrix S are
equal to either 0 or c.

Consider the following ansatz for U -V pair:

U(z) = L(S, z) =
1

N
tr
2

(
r12(z)S2

)
, S2 = 1N ⊗ S ,

and
V (z) = −c∂zL(S, z) + L(SE(S), z) + L(E(S)S, z)− cL(T, z)

with the definition of E(A), A ∈ Mat(N,C) given by the following linear map:

A→ E(A) =
1

N
tr2

(
r

(0)
12 A2

)
, A2 = 1N ⊗A , r12(z) =

1

z
NP12 + r

(0)
12 +O(z)

and T ∈ Mat(N,C) is some dynamical matrix to be defined.



Then the zero-curvature equation is equivalent to

∂tS + c∂xT − ∂x(SE(S) + E(S)S) = 2s0[S, J(S)] + c[S,E(T )] + c[E(S), T ] ,

where s0 = tr(S)/N and
−∂xS = [S, T ] .

The latter equation can be solved (when S2 = cS) as

T = −c−2[S, ∂xS] .

Finally, the glN Landau-Lifshitz equation takes the form:

∂tS −
1

c
[S, ∂2

xS]− ∂x
(
SE(S)+E(S)S

)
=2s0[S, J(S)]− 1

c
[S,E([S, ∂xS])]− 1

c
[E(S), [S, ∂xS]]

This is the higher rank Landau-Lifshitz equation.



The most general is the elliptic case. It comes from the elliptic Baxter-Belavin R-matrix in the
fundamental representation of GLN .
Introduce the special matrix basis in Mat(N,C): Ta = Ta1a2 = exp

(
πı
N
a1a2

)
Qa11 Qa22 , where

a = (a1, a2) ∈ ZN × ZN , and (Q1)kl = δkl exp( 2πı
N
k), (Q2)kl = δk−l+1=0 modN . In particular,

T(0,0) = 1N . The basis has the property tr(TαTβ) = Nδα+β,(0,0). The quantum R-matrix is as
follows:

R~
12(z) =

∑
a∈ ZN×ZN

Ta ⊗ T−a exp(2πı
a2z

N
)φ(z,

a1 + a2τ

N
+ ~) ∈ Mat(N,C)⊗2 .

The quasi-classical limit expansion provides the classical (Belavin-Drinfeld) r-matrix

r12(z) = E1(z)1N ⊗ 1N +
∑

a6=(0,0)

Ta ⊗ T−a exp(2πı
a2z

N
)φ(z,

a1 + a2τ

N
)

and the next coefficient

m12(z) = ρ(z)1N ⊗ 1N +
∑

a6=(0,0)

Ta ⊗ T−a exp(2πı
a2z

N
) f(z,

a1 + a2τ

N
) ,

where f(z, u) = ∂wφ(z, w)|w=u and ρ(z) = (E2
1(z)− ℘(z))/2.



Then one finds

r
(0)
12 =

∑
a 6=(0,0)

Ta ⊗ T−a
(

2πı
a2

N
+ E1(

a1+a2τ

N
)
)
,

so that

E(A) =
∑

a6=(0,0)

TaAa
(

2πı
a2

N
+ E1(

a1+a2τ

N
)
)

And

m12(0) =
ϑ′′′(0)

3ϑ′(0)
1N ⊗ 1N −

∑
a6=(0,0)

Ta ⊗ T−aE2(
a1 + a2τ

N
) , E2(x) = −E′1(z) = −∂2

z log ϑ(z) ,

that is the inverse inertia tensor

J(S) =
ϑ′′′(0)

3ϑ′(0)
1NS0,0 −

∑
a 6=(0,0)

TaSaE2(
a1 + a2τ

N
) =

ϑ′′′(0)

3ϑ′(0)
S −

∑
a6=(0,0)

TaSa℘(
a1 + a2τ

N
) .

In the last line we also used relation E2(z) = ℘(z)− ϑ′′′(0)/(3ϑ′(0)).



In particular case, when N − 1 eigenvalues coincide, we come to the matrix S of rank 1. In this
case the obtained equation is simplified.

The case rank(S) = 1

If rank(S) = 1 then the matrix S is represented as S = ξ ⊗ ψ, where ξ and ψ are N -dimensional
vector column and row respectively. Then

S2 = tr(S)S,

so that
c = tr(S) = Ns0 .

The Landau-Lifshitz equation takes the form:

∂tS =
1

c
[S, ∂2

xS] +
2c

N
[S, J(S)]− 2[S,E(∂xS)] .



Hamiltonian description. The equation

∂tS =
1

c
[S, ∂2

xS] +
2c

N
[S, J(S)]− 2[S,E(∂xS)] .

can be easily described in the Hamiltonian formalism. The Poisson structure is given by

{Sij(x), Skl(y)} = (Skj(x)δil − Sil(x)δkj)δ(x− y) .

The equations of motion
∂tS(x) = {H,S(x)}

are reproduced by the following Hamiltonian:

H =

∮
dy
( c
N

tr
(
S J(S)

)
− 1

2c
tr
(
∂yS ∂yS

)
+ tr

(
∂yS E(S)

))
, S = S(y) .

The last term vanishes in N = 2 case.



Calogero-Moser model and its field generalization

Mechanics.

At the level of classical mechanics the Calogero-Moser model describes interaction of N particles
on a complex plane generated by the following Hamiltonian:

HCM =

N∑
i=1

p2
i

2
− c2

N∑
i>j

℘(qi − qj) ,

where c ∈ C is a coupling constant and ℘ is the Weierstrass ℘-function. The positions of particles
qi ∈ C and momenta pi ∈ C are canonically conjugated:

{pi, qj} = δij , {pi, pj} = {qi, qj} = 0 .



The Hamiltonian provide equations of motion ḟ = {H, f}, i.e.

q̇i = pi , ṗi = c2
N∑

k:k 6=i

℘′(qik) , i = 1, ..., N

which are represented in the Lax form

L̇(z) + [L(z),M(z)] = 0 , L(z),M(z) ∈ Mat(N,C)

with spectral parameter z, where

LCM
ij (z) = δij(pi + cE1(z)) + c(1− δij)φ(z, qij) , qij = qi − qj ,

MCM
ij (z) = −cδijdi − c(1− δij)f(z, qij) , di =

N∑
k:k 6=i

℘(qik) ,



The classical r-matrix structure:

{L1(z), L2(w)} = [L1(z), r12(z, w)]− [L2(w), r21(w, z)] .

The permutation of r-matrix indices 12 or 21 means the permutation of the tensor components.

r12(z, w) =
N∑

i,j,k,l=1

Eij ⊗ Ekl rij,kl(z, w) , r21(z, w) =

N∑
i,j,k,l=1

Ekl ⊗ Eij rij,kl(z, w) ,

where Eij is the basis matrix units in Mat(N,C).

The classical r-matrix:

rCM
12 (z, w) =

= (E1(z − w) + E1(w))
N∑
i=1

Eii ⊗ Eii +
N∑
i 6=j

φ(z − w, qij)Eij ⊗ Eji −
N∑
i6=j

φ(−w, qij)Eii ⊗ Eji .



The field generalization is highly nontrivial.

The Hamiltonian

H2dCM =

2π∫
0

dxH2dCM(x)

is defined by the density

H2dCM(x) = −
N∑
j=1

p2
j (kqj,x + c) +

1

Nc

( N∑
j=1

pj(kqj,x + c)
)2

+
1

4

N∑
j=1

k4q2
j,xx

kqj,x + c
+

+
1

2

N∑
i6=j

(
(kqi,x + c)2(kqj,x + c) + (kqi,x + c)(kqj,x + c)2 − ck2(qi,x − qj,x)2

)
℘(qi − qj)+

+
k3

2

N∑
i6=j

(
qi,xqj,xx − qi,xxqj,x

)
ζ(qi − qj) ,

where qi,x = ∂xqi(x) and qi,xx = ∂2
xqi(x).



The canonical Poisson brackets

{pi(x), qj(y)} = δijδ(x− y) , {pi(x), pj(y)} = {qi(x), qj(y)} = 0 .

and the Hamiltonian provide equations of motion

q̇i ≡ {H2dCM, qi} = −2(kqi,x + c)
(
pi −

1

Nc

N∑
j=1

pj(kqj,x + c)
)
,

ṗi ≡ {H2dCM, pi} = −k∂x
(
p2
i − 2pi

1

Nc

N∑
j=1

pj(kqj,x + c) +
1

2

k3qi,xxx
kqi,x + c

− 1

4

k4q2
i,xx

(kqi,x + c)2

)
−

−2
N∑

j:j 6=i

(
(kqj,x + c)3℘′(qij)− 3k2(kqj,x + c)qj,xx℘(qij)− k3qj,xxxζ(qij)

)
.



Introduce notations

αi = (kqi,x + c)1/2 , i = 1, ..., N

and

κ = − 1

Nc

N∑
j=1

pj(kqj,x + c) = − 1

Nc

N∑
j=1

pjα
2
j .

Then the Hamiltonian and the equations of motion are written in a slightly more compact form:

H2dCM(x) = −
N∑
i=1

p2
iα

2
i +Ncκ2 +

N∑
i=1

k2α2
i,x+

+
k

2

N∑
i 6=j

(
αiαj,x − αjαi,x + c(αi,x − αj,x)

)
ζ(qij) +

1

2

N∑
i6=j

(
α4
iα

2
j + α2

iα
4
j − c(α2

i − α2
j )

2
)
℘(qij)

and
q̇i = −2α2

i (pi + κ) ,

ṗi = −k∂x
(
p2
i + 2κpi + k2αi,xx

αi

)
− 2

N∑
j:j 6=i

(
α6
j℘
′(qij)− 6α3

jαj,x℘(qij)− k2∂2
x(α2

j )ζ(qij)
)
.



It was shown by Akhmetshin, Krichever and Volvovski that the equations of motion are
represented in the form of the Zakharov-Shabat equations

∂tU(z)− k∂xV (z) + [U(z), V (z)] = 0 , U(z), V (z) ∈ Mat(N,C) ,

with the U -V pair:

U2dCM
ij (z) = δij

(
pi + α2

iE1(z)− kαi,x
αi

)
+ (1− δij)φ(z, qi − qj)α2

j ,

V 2dCM
ij (z) = δij

(
qi,tE1(z)−Ncα2

i℘(z)−m0
i −

αi,t
αi

)
+

+(1− δij)
(
Ncf(z, qi − qj)−NcE1(z)φ(z, qi − qj)−mijφ(z, qi − qj)

)
α2
j ,

where

m0
i = p2

i + 2κpi + k2αi,xx
αi
−

N∑
j:j 6=i

(
(2α4

j + α2
iα

2
j )℘(qi − qj) + 4kαjαj,xζ(qi − qj)

)
,

and

mij = pi + pj + 2κ− kαi,x
αi

+ k
αj,x
αj

+
N∑

l:l 6=i,j

α2
l η(qi, ql, qj) , i 6= j ,

η(z1, z2, z3) = E1(z1 − z2) + E1(z2 − z3) + E1(z3 − z1) .



Classical r-matrix. Main statement is that the U -matrix satisfies the Maillet r-matrix structure

{U1(z, x), U2(w, y)} =(
− k∂xr12(z, w|x) + [U1(z, x), r12(z, w|x)]− [U2(w, y), r21(w, z|x)]

)
δ(x− y)−

−
(
r12(z, w|x) + r21(w, z|x)

)
δ′(x− y) .

with the r-matrix for the finite-dimensional Calogero-Moser model, where positions of particles qi
are replaced with the fields qi(x):

r2dCM
12 (z, w|x) = (E1(z − w) + E1(w))

N∑
i=1

Eii ⊗ Eii+

+

N∑
i 6=j

φ(z − w, qi(x)− qj(x))Eij ⊗ Eji −
N∑
i6=j

φ(−w, qi(x)− qj(x))Eii ⊗ Eji .

It is non-ultralocal (the coefficient behind δ′(x− y) is not zero).



Gauge equivalence between 1+1 Calogero-Moser model and 1+1 Landau-Lifshitz model.

There exists G(z, x) ∈ Mat(N,C) that the gauge transformation

U(z, x)→ G(z, x)U(z, x)G−1(z, x) + k∂xG(z, x)G−1(z, x)

which relates these two models in the case rank(S) = 1.
For the Landau-Lifshitz model the classical r-matrix is the non-dynamical elliptic
Belavin-Drinfeld r-matrix:

rBD
12 (z) = E1(z)1N ⊗ 1N +

∑
a∈ ZN×ZN
a6=(0,0)

Ta ⊗ T−a exp(2πı
a2z

N
)φ(z,

a1 + a2τ

N
) ,

being written in a special matrix basis (in Mat(N,C))

Ta = Ta1a2 = exp
(πı
N
a1a2

)
Qa11 Qa22 ∈ Mat(N,C) , a = (a1, a2) ∈ ZN × ZN ,

defined in terms of the pair of matrices

(Q1)kl = δkl exp(
2πı

N
k) , (Q2)kl = δk−l+1=0 modN .



The corresponding U -matrix is the one of the Sklyanin type, i.e.

USkl(z, x) =
∑

a∈ ZN×ZN
a6=(0,0)

TaSa(x) exp(2πı
a2z

N
)φ(z,

a1 + a2τ

N
) .

In the case N = 2 it is the U -matrix of the original Landau-Lifshitz model.
The relation between r-matrices is given by the intertwining matrix

g(z, q) = Ξ(z, q)
(
d0)−1

(q) ,

where q = {q1, ..., qN} and

Ξij(z, q) = ϑ

[
1
2
− i

N
N
2

](
z −Nqj +

N∑
m=1

qm |Nτ

)
,

and the diagonal matrix

d0
ij(q) = δijd

0
j = δij

N∏
k:k 6=j

ϑ(qj − qk) .

Here qi are some parameters.



Namely, consider
G(z, x) = g(z, q1(x), ..., qN (x))

Then it can be show that

rBD
12 (z, w) = rBD

12 (z, w|x) = G1(z, x)G2(w, x)
(
r2dCM

12 (z, w|x)−

−G−1
1 (z, x){G1(z, x), U2dCM

2 (w, x)}
)
G−1

1 (z, x)G−1
2 (w, x) ,

This gauge transformation relates ultralocal and non-ultralocal models.



Then the gauge equivalence relating the U–V pairs provides explicit change of variables. For
example, in the trigonometric case we have

Sij(x) =
(−1)jσj(e

q)

N

N∑
m=1

Pm
(
e(i−1)qm + (−1)NδiNe

−qm
)

+Nα2
m(−1)NδiNe

−qm

N∏
l: l 6=m

(eqm − eql)
,

where σj(e
q) – notation for the elementary symmetric functions and

Pm = −pm −
kαmx
αm

− (i− 1)α2
m +

(N − 2)

2
kqm,x +

α2
m

2

N∑
l :l 6=m

coth
(qm − ql

2

)
for m = 1, ..., N . Here

Spec(S) = (0, ..., 0, c)

and
tr(S) = c, S2 = cS .

The Poisson brackets {Sij(x), Skl(y)} being computed for the upper expressions by means of the
canonical brackets, provide the linear Poisson brackets. That is the map between two models is a
Poisson map.
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