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Integrable systems

Field theory (PDE)

Mechanics (ODE)
1-body closed Toda model: Sine-Gordon equation:
q=q(t), §=sinh(q) q = q(t,z), 9}q— d2q = sinh(q)

Liouville filed theory:

1-body open Toda model:
q=q(t,x), Oq— g = —e

q= q(t)v Gg= —ef
Landau-Lifshitz equation:
S(t,z), 8,5 =3 x 025+ S x J(S)

Euler top in 3d:
S=25(t), S=5xJ(S) S =St z),
S(t) — angular momentum vector | S(¢,z) — magnetization vector in magnet

Heisenberg magnet:

S =S(t,z), 8.5 =5 x 028

Free (isotropic) top:

S=38@t), S=0



Integrable systems in classical mechanics

Hamiltonian mechanics: Hamiltonian function H and Poisson brackets { , } provide equations of
motion f = {H, f}.

Many-body systems: N particles with positions ¢; € C, momenta p; € C and the Hamiltonian
function of the form
— 2 v — .
=3 v,

i<j

Canonical Poisson structure:
{pi,a;} =0i5, A{pipi} ={ai,q;} =0, i,j=1.N.
We need: N independent integrals of motion Hy(p,q) with involution property

{Hi, H;} = 0.



Euler-Arnold tops

Dynamical variables:
N
S = Z SijEi]' S Mat(N),
ij=1
where E;; is a standard basis in Mat (N, C).
The Euler-Arnold equations:

S=15,J(9)],
where
J(S) = Z Jij ki Sk Eij
is a linear functional, and J;; x; — some set of constants. From the point of view of rotation in
multidimensional space J — inverse inertia tensor.

The Hamiltonian 1
H= 3 tr(SJ(S))

The Poisson brackets are given by the linear Poisson-Lie structure on gly:

{Sij, Sk} = 0:1Sk; — Ok Sit -



Lax equations and classical r-matrix
Let L and M are matrices (matrix-valued functions on the phase space), and equations of motion
are represented in the form of Lax equation:

L=[L,M], L={HL}=> Ey{H Ly}, L,M€Mat(N,C)

@]
Then Hy = tr(Lk) are integrals of motion:
Lk = [L", M], %tr(Lk) =tr(L"M — ML*) =0.

Introduce notation {Li, Lo} = 3 Fij ® Ep {Lij, Liu} € Mat$?. If there exists such 715 € Mat$?
ijhl
(classical r-matrix) that

{L1,L2}:[L17T12]—[L2,7‘21], Li=L®1, L:=1®L

T12 = g Tij el Bij @ By, T21 = § Tijkt Ert ® Eij
ijkl ijkl

then the conservation laws are in involution {H;, H;} = 0.




The same with spectral parameter
Let L(z) and M(z) are matrices (matrix-valued functions on the phase space), z — auxiliary
parameter and equations of motion are represented in the form

L(z) = [L(z), M(2)], V= L(z)={H L(2)} = ZEij{fL Lij(2)}

Then Hy(z) = tr(L*(2)) are generating functions of integrals of motion:

d

LF(2) = — 20)" Hyom — Hym = 0 VEk,
tr(L"(2)) zm:(z 20)" Hgm precl 0 Vk,m
Introduce notation {Li(z),La2(w)} = > Eij ® Ex {Lij(z), Lri(w)}. If there exists such
ijkl

r12 € Mat®? (classical r-matrix) that
{L1(2), L2(w)} = [L1(2), r12(2, w)] — [L2(w), 721 (w, 2)] ,

where L1(z) = L(z) ® 1 and L2(w) =1 ® L(w). Then {H;m, H;n} =0.



The Jacobi identity in Mat®? for the Poisson brackets
{{L1(21), L2(22)} La(23)} + cycl. = 0
is fulfilled if the classical Yang-Baxter equation holds true

[r12,718) + [r12, res] + [ris, 23] =0, 75 = rij(z — 25), 7112(2) = Zrij,kl(z) Ei; @ By @ 1N,
ijkl

rog(z) = Z"'ij,kl(z) IN®Ei; @ B, rm13(2) = Zm‘j,kz(z) Eij @ 1IN ® By .
ijkl ijkl
In quantum case it is generalized to the quantum Yang-Baxter equation for quantum R-matrix:
h ph ph h ph ph h h
Ryy Rz Rz = Roz Ryz Ria, Rij = Rij(zi — 25)

(here R-matrix is non-dynamical). In the quasi-classical limit

Ry =1® 1+ hriz + O(R?)

the latter reproduces the classical Yang-Baxter equation.



The Calogero-Moser model:

N

Hy = Z—i— 22@ 4 — 4j)

=1 1<J

where v — coupling constant, p(q) — Weierstrass p-function. Its equations of motion are written in
the Lax form with

p1 vp(z,q1 —q2)  vo(z,q1—q3) ... vd(z,q1 —qn)
vé(z,q2 — q1) P2 vp(z,q2 —q3) .. vo(z,q2 —qn)
L(z) =
vé(z, q.N —q1) vo(z, q;v —q2) vé(z, q;v —q3) ... p.N

where z — spectral parameter (Krichever 1980). It is a local coordinate on (elliptic) curve.



Lij(z) = bijpi +v(1 = 0i5) &(2,qi5) s @5 =@ —q5, d(2,9) =

Mij(2) = vdidij + v(1 = 6i5) f (2, @i) Zf  ik)
k#1
Where f(zv q) = aq¢(za q)
@(z, q) is the elliptic Kronecker function. It satisfies the Fay identity (summation formula):
o(hy a1 — q2)6(n, g2 — q3) = d(h— 1, q1 — q2)P(n, @1 — g3) + (N — h, q2 — @3)P(h, @1 — g3)
for the Kronecker function:

n+1/z, 1/z,

1/2%,
6(n, =) = coth(n) + coth(z), Bi(z) = coth(z), o(z) ={ 1/sinh?(2),
V(0)9(n + 2) V() /
G 902 —F1(2) + const
Degeneration:

(2, qav) (2, o) — f(2,4ab)P(2, @be) = D(2, Gac) (9(gab) — 9(qve)) 5

f(z,0) = 040(2,0),  f(0,q) = —p(q) + const
These identities are widely used in integrable systems (Lax equations, R-matrix.structures,...)



Quantum Yang-Baxter equation:
B h I h n n
Ri5(q1,q2) Ri3(q1, g3) Ra3(g2, g3) = Ras(qz, g3) Ris(q1, g3) Ria(q1, q2)

We assume R?z(QIvfh) = Rfliz (1 —q2) = R?Q(qu) = R%
Associative Yang-Baxter equation (A. Kirillov, A. Polishchuk):

Ris(q12) R3s(q23) = Ris(q1s) RYy " (q12) + R "(q23) Rl (qus)

Example of common solution: Yang’s R-matrix

an 1®1 NP,
RYS™(q1,q2) = —— + ——

N
h q—q’ Pa= 3 By ® By,

ij=1
where Pi2 is the matric permutation operator: Pi2(a ® b) =b®a, a,b € CcV.

...,trigonometric (XXZ),..., elliptic Baxter-Belavin (XYZ).



In scalar case YB is empty condition while the AYBE

Ris(qi2) Ri3(q23) = Ris(qs)Ryy " (q12) + R3s " (q23) Ris(q1s)

is the Fay identity (can be considered as functional equation for the Kronecker elliptic function)

(R, q12) (1, g23) = d(h — 0, q12)P(n, q13) + ¢(n — h, q23)P(h, q13) s Q5 = ¢ — g

The quasi-classical limit

Rl(q) = 3 1@ 1+ 71a(g) + hmaa(g) + O(R)..
is similar to expansion of ¢(h,q) near h = 0:
$(h,q) = h™" + Ei(q) + h(Ef(q) — p(0))/2+ O(K*), Ei(q) = 9'(a)/9(a)

Rl5(q) — matrix analogue of ¢(h, ¢) and 712(q) — matrix analogue of E1(q) =9'(q)/9(q).



Euler-Arnold tops

Dynamical variables:
N
S = Z SijEi]' S Mat(N),
ij=1
where E;; is a standard basis in Mat (N, C).
The Euler-Arnold equations:

S=15,J(9)],
where
J(S) = Z Jij ki Sk Eij
is a linear functional, and J;; x; — some set of constants. From the point of view of rotation in
multidimensional space J — inverse inertia tensor.

The Hamiltonian 1
H= 3 tr(SJ(S))

The Poisson brackets are given by the linear Poisson-Lie structure on gly:

{Sij, Sk} = 0:1Sk; — Ok Sit -



If R is a solution of associative Yang-Baxter equation (AYBE) with skew-symmetry and unitarity
properties and the quasi-classical expansion

1
Z1n ®@ 1 4 r12(2) + hmaa(2) + O(h?)

h p—
Ri3(z) = 7

then the Lax equation )
L(z,8) = [L(2,5), M(z, S)]

holds true identically in z and is equivalent to the Euler-Arnold top equations with the following
data:
L(z,S) = tra(ri2(2)S2), M(z,S) = tra(mi2(z)S2), S2=1®S

ri2(z) = E rijki(2) Eij @ B tra(riz(z E rij k(%) Eij tr(EwS) = E rij,k1(2) Stk Eij
ikl gkl gkl

](S) = tro (’n’LlQ(O)SQ)

where 712(z) and mi2(z) comes from the quasi-classical expansion.



Example: Cherednik’s 7-vertex trigonometric R-matrix

coth(z) + coth(h) 0 0 0
0 sinh™' (k) sinh™!(z 0
Ri(z) = " =
0 sinh™!(z) sinh™*(h) 0
—4e” M sinh(z + h) 0 0 coth(z) + coth(h)
provides
1 2511 — S22 0 Su Si2
IS =3 8=

—24¢7 M85 —S11 + 2599 So1 Sao



141 Integrable Field Theories

Instead of Lax equation we deal with the zero curvature equation known as the Zakharov-Shabat
equation:

0tU(2) — k0. V(2) + [U(2),V(2)] =0, U(z),V(z) € Mat(N,C),
In the limit to the finite-dimensional case the term 9,V (z) vanishes, and the Zakharov-Shabat
equation becomes the Lax equation, where L(z) is the limit of U(z), while M (z) coincides with
the limit of V' (z) up to some expression commuting with L(z).



The conservation laws in the field case are generated by tr(T%(z,2n)), where T(z, ) € Mat(N, C)

is the monodromy matrix
x

T(z,z) = Pexp(/dy U(z,y)) .
0
The sufficient condition for the Poisson commutativity

{tr(T* (2, 27)), tr(T™ (w, 27))} = 0
was suggested by J.-M. Maillet and is know as the non-ultralocal Maillet bracket:

{U1(Z, x)v UQ(wv y)} =

( — kdyr12(z, wlz) + [U1(2, %), r12(2, w|z)] — [U2(w, y), r21 (w0, Z|96)])5(ir —y)-

—(rlg(z, w|z) + ra1(w, z\x))(s/(ﬂc —vy).

If ri2(z, w|x) + ra1(w, z|z) # 0 then the bracket is called non-ultralocal.



For construction of the U-V pair for Landau-Lifshitz gl magnet we use degenerations of AYBE
Ri2Rjs = RIsRiy" + Ry "Riy, Ry = Riy(2a — )
In particular, we have
[m13(2’1) + m23(22), T12(21 - 22)] = [m12(21 - 22) + mas (Zl)7 1"23(22)]

[mas(2), 712(2)] = [r12(2), m23(0)] — [=mr2(2), N Pas] + [ma2(2), 759)] + [mas(2), 73],

0 . .
where 7‘%2) comes from the expansion

N
1
ri2(z) = . NP2 + ng) +0(z), Pi2= Z Ei; ® Eji
ij=1
where Pjs is the matric permutation operator: Pi2(a @ b) =b®a, a,b € CV. Also

ri2(2)riz(z+w) — roz(w)ri2(2) + ris(z+w)raz(w) = maz(2) + maz(w) + mis(z+w).

ri2(2)ris(z) = ré?rlg(z) — rlg(z)rég) — NO.r13(2) P2g + mi2(z) + ma3(0) + mas(z) .



Consider the special case:

S%=¢S,
where ¢ € C is some constant. This condition means that the eigenvalues of the matrix S are
equal to either 0 or c.

Consider the following ansatz for U-V pair:

1

U(z) = L(S,2) = N tr (7"12(2)52) , So=1n®S,

and
V(z) = —c0:L(S, z) + L(SE(S), z) + L(E(S)S, z) — cL(T, z)
with the definition of E(A), A € Mat(N, C) given by the following linear map:

1 1
A= B(A) = - tra (rg)AQ) , A2=1v®A, rma(z)= NP+ 9 1 0(z)

and T € Mat(N, C) is some dynamical matrix to be defined.



Then the zero-curvature equation is equivalent to
0tS + c0,T — 9, (SE(S) + E(S)S) = 250[S, J(S)] + ¢[S, E(T)] + ¢[E(S),T],

where sg = tr(S)/N and
—0,5=1[5,T].

The latter equation can be solved (when S? = ¢S) as
T =—c?[S,8,9].
Finally, the gl Landau-Lifshitz equation takes the form:
0u5 — L18,025] ~ 0. (SE(S)+B(8)8 ) =250[8, J(S)] - 1 15, B([S, 0.5])] ~ + [B(S), [5, 0:5]]

This is the higher rank Landau-Lifshitz equation.




The most general is the elliptic case. It comes from the elliptic Baxter-Belavin R-matrix in the
fundamental representation of GLy.

Introduce the special matrix basis in Mat(N,C): T, = Ta a, = €xp (% CL1CL2) Q‘l“ 32, where

a = (a1,a2) € Zn X Zn, and (Q1)r = 0w exp(%k), (Q2)ki = Ok—1+1=0moa N. In particular,
T(0,0) = 1n. The basis has the property tr(TaTg) = Nda+s,0,0)- The quantum R-matrix is as
follows:

Ry (2) = Z To ® T—q exp(2m %) o(z,

N
a€Zn XLN

a1 + asT

~ T h) € Mat(N, C)®2.

The quasi-classical limit expansion provides the classical (Belavin-Drinfeld) r-matrix

azz a1 +a
ra(2) = Bi(2)In @ In + Y Ta ® T q exp(2m %) o(z, ITZT)
a#(0,0)
and the next coefficient
asz a1 + azT
miz2(z) = p(2)Iny @ In + %O) T, @ T—q exp(2me %) f(z, ! N 2 ),
a s

where £(z,1) = du(2, w)|u—u and p(2) = (B} () — p(2))/2



Then one finds

a ai+aaT
i)=Y ner.(2m 2+ El(%)) :
a#(0,0)
so that n
az ai1—r+azT
a#(0,0)
And
19/”(0) a1 + asT / 2
le(O) = 319,(0)1N®1N— Z Ta®T—aE2(T)7 EQ(:‘C) :_El(z) :_8z 10g’L9(Z)7
a#(0,0)
that is the inverse inertia tensor
9"(0) a1 + aoT 9" (0) a1 + a27'
S 1 — TS E = .
(8) = 5570) 100 Y TaSaBa(——5) 35(0) — Y TuSap(———)
a#(0,0) a#(0,0)

In the last line we also used relation FE»(z) = p(z) — 9"(0)/(39'(0)).



In particular case, when N — 1 eigenvalues coincide, we come to the matrix S of rank 1. In this
case the obtained equation is simplified.

The case rank(S) =1

If rank(S) = 1 then the matrix S is represented as S = £ ® ¢, where £ and 1 are N-dimensional
vector column and row respectively. Then

S? = tr(9)S,

so that
c=1tr(S) = Nso.

The Landau-Lifshitz equation takes the form:

05 = 2 (5,025 + 50 [5,(5)] — 2[5, B(2.5) .



Hamiltonian description. The equation

9,5 = % (5, 025] + % (S, 7(S)] — 2[5, B(0:5)] .
can be easily described in the Hamiltonian formalism. The Poisson structure is given by
{5i5 (), Ski(y)} = (Skj(x)du — Su(2)0r;)0(z — y) -

The equations of motion

9:5(x) = {H,5(x)}

are reproduced by the following Hamiltonian:

H= j[dy(% tr (s J(S)) - % tr (aysays) +tr (aySE(S))) . S=5().

The last term vanishes in N = 2 case.



Calogero-Moser model and its field generalization
Mechanics.

At the level of classical mechanics the Calogero-Moser model describes interaction of N particles
on a complex plane generated by the following Hamiltonian:

TR S ST
i=1 i>j

where ¢ € C is a coupling constant and e is the Weierstrass p-function. The positions of particles
¢; € C and momenta p; € C are canonically conjugated:

{pi,a;} =0i5, {pivi} ={ai, 4} =0.



The Hamiltonian provide equations of motion f ={H, [}, ie.

N

Gi=pi, pi=c¢Y ¢, i=1.,N
kik2i

which are represented in the Lax form
L(z) + [L(2),M(2)] =0,  L(2), M(z) € Mat(N,C)
with spectral parameter z, where
L7 (2) = 8ij(pi + cE1(2)) + (1 = 8i5)d(2,ai) , 4 = ¢ — @ »

N

MG (2) = —cbigdi — c(1 = 635) f (2, 0i5) s di = >, 9(qin)
keiki



The classical r-matrix structure:

{L1(2), L2(w)} = [L1(2), T12(2, w)] — [L2(w), T21(w, 2)] -

The permutation of r-matrix indices 12 or 21 means the permutation of the tensor components.

N N
ri2(z, w) Z Eij @ Exirijr(z,w), ro1(z, w) = Z Ep ® Eijrijr(z,w),
i kl=1 ik l=1

where E;; is the basis matrix units in Mat(N, C).
The classical r-matrix:

iy (z w) =

N
= (Fi(z —w) + E1(w ZEM®EH+Z¢ —w,qij) Ei; ® Ej; *Z(ﬁ(*w,Qij)Eii@Eji-
i#] i#]



The field generalization is highly nontrivial.

The Hamiltonian

27
44240M _ /dxH2dCM ()
0
is defined by the density

N N N
1 ‘g
FRACM () — 2(kai 7( (ki a ) @
(z) ij( G t)+ Ne j;pj( Qe tC 4qu]$+c

N

1
t52 ((ktio + € (kajo + ) + (Kaico + )kt + €)= Wk (@ie — 150)” ) (s — a)+
£

3 N
3 > (qi,w%}m - Qi,zij,z)é“(qi —45),
i#j

where ¢z = 0-qi(z) and gi 2z = 02qi(z).



The canonical Poisson brackets

{pi(x), q;()} =06z —y),  {pi(),p; ()} ={ai(x), ¢;(y)} = 0.
and the Hamiltonian provide equations of motion

N

G = {H**M, ¢} = (kqm+0( E k%w+0)
N 4
i = {H*Y pi} = —k0. D] — 20~ > 0 (ks = - —
pi=A{ i} < chFlp]( Gt C )+2kqm+c 4(sz,x+C)

-2 Z < kgsx +¢)°9' (4i5) — 3k* (kgj,0 + 0)qj,000(4i) — kgf]j,zzzC(Qij)) :

JijF#i



Introduce notations
o; = (kgiz + 0)1/2 , i1=1,..,N

and
ij kqjx +c) ZPJ Q.

Then the Hamiltonian and the equatlons of motion are written in a slightly more compact form:

N
H>M(z) = = piaj + Newx® + Zk2ai,z+
. N i=1 i=1
+3 > (az‘aj,z — izt (i — Qe ) 9ii) + 5 Z (04 of +ajaj — (o - 04?)2) ©0(ai5)
i#j i#£]

and
g = =207 (pi + k) ,

Pi = —kOq (pl + 2kp; + k° Zm) 2 Z ( afe' (qi) — 6050 2 0(qij) *k233(a?)C(qz'j))-
Jij#i



It was shown by Akhmetshin, Krichever and Volvovski that the equations of motion are
represented in the form of the Zakharov-Shabat equations

U(2) — kduV(2) + [U(), V()] =0,  U(2),V(z) € Mat(N,C),

with the U-V pair:

where

and

0[1 z
UE(2) = by (pi+ a2 Bu(2) = k22 ) 4 (1= 85)(x 4: — ))a
V() = by (410 (2) — Neadp(z) —mf = 22 )¢
+(1 = 65) (Nef (2.4 = 4)) = NeBy(2)9(=, 00 — 0;) = misé(z, 00 — a5) )

N

QG xax
m = pi o+ 2mp + K Y ((Za;* +aiod)p(q — q;) + Akoyay ¢ g — %’)) ;

k3

JijF#i

mij=pi+pj+2ff—k +ka +Zamqqu,qg) i#37,
J 1:0£i,5

n(z1,22,23) = E1(z1 — 22) + E1(22 — 2z3) + E1(23 — 21) .



Classical r-matrix. Main statement is that the U-matrix satisfies the Maillet r-matrix structure

{Ul(zv‘r)vUQ(wvy)} =
( — kOpr12(2, w|z) + [UL(2,2), r12(2, w|z)] — [U2(w,y), r21(w, Z|$)])5(~’C -y)-

7(1‘12(2’, w|z) + ra1(w, z\m))é'(x —vy).

with the r-matrix for the finite-dimensional Calogero-Moser model, where positions of particles g;
are replaced with the fields g;(z):

rigCM(Zy ’LU‘%) = (El (Z - ) + El ZEZ’L X Eu+
N =1
+Z¢(z—w:qi(5€)_%( ) Eij @ Eji — Z¢ —w,qi(x) — q;(2)) Eii @ Eji .
i7#] i7#]

It is non-ultralocal (the coefficient behind &' (z — y) is not zero).



Gauge equivalence between 141 Calogero-Moser model and 1+1 Landau-Lifshitz model.
There exists G(z,z) € Mat(N, C) that the gauge transformation
Uz, z) = G(z,2)U(z,2)G (2, 2) + k8. G(2, )G~ ' (z,2)

which relates these two models in the case rank(S) = 1.
For the Landau-Lifshitz model the classical r-matrix is the non-dynamical elliptic
Belavin-Drinfeld r-matrix:

ai + asT

i (2) = BE1(2)In @ 1y + g Ta®T_aexp(2m%)¢(z,T),
a€ N XLn
a7(0,0)

being written in a special matrix basis (in Mat(N, C))

To = Tayay = €Xp (% alag) Q71Q5% € Mat(N,C), a= (a1,a2) € Zn X Zn

defined in terms of the pair of matrices

2
(Q1)kt = O exp(%k) , (Q2)kt = Ok—1+1=0mod N -



The corresponding U-matrix is the one of the Sklyanin type, i.e.

U™(z,2) = Z TaSa(z) exp(2m 422
a€ZnN XLN

a1 + a7
22) 5, W7,
a7(0,0)

In the case N = 2 it is the U-matrix of the original Landau-Lifshitz model.
The relation between r-matrices is given by the intertwining matrix

where ¢ = {q1,...,qn} and

9(z,9) = E(z,9) (&°) " (q),

N

Eij(z,9) =9 [

and the diagonal matrix

m=1

i N
_ﬁﬁ :| (z—qu—l—quNT),
2

N
d2;(q) = 0i5d5 = 015 [] (a5 — ax)-
Here ¢; are some parameters.

kikj



Namely, consider
G(Zv ‘T) = g(z, ql(x)v ey qN(x))
Then it can be show that

iy (z,w) = i3 (z,w|z) = G1(2, )G (w, ) (rf%CM(z,wm)—

—Gfl(z, 2){G1(z, x), U3 ™M (w, ac)}) G;l(z7 as)GQl(w7 z),

This gauge transformation relates ultralocal and non-ultralocal models.



Then the gauge equivalence relating the U-V pairs provides explicit change of variables. For
example, in the trigonometric case we have

(=1)0;(e) N Pn (6(1‘71)%1 + (—1)N5¢Nefqm) + Na2,(-1)N§ye 1
N N ’
m=1 H (eQm — e‘Zl)

l:l#m

Sij(x) =

where o;(e?) — notation for the elementary symmetric functions and

P = —pm — Z —(i— 1)ozfn + (T)kqm,z + aT Z coth (%)
m 1:l#£m

for m=1,..., N. Here
Spec(S) = (0,...,0,¢)
and
tr(S) =¢, S*=cS.
The Poisson brackets {Si;(z), Ski(y)} being computed for the upper expressions by means of the

canonical brackets, provide the linear Poisson brackets. That is the map between two models is a
Poisson map.
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