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Coxeter groups

Rank-p Coxeter group C is generated by reflections with respect to a
system of root vectors {v,} in a p-dimensional Euclidean vector space V.
An elementary reflection associated with the root vector v;:

Roxi = xi—2aX) i ga gy
(V27Va) ?

K.A. Ushakov, A.A. Tarusov Linearised Analysis of the Coxeter Higher Spin Theory



Coxeter groups: examples

@ The root system of A, ~ S,.1: v/ = e’ — ¢/, with orthonormal
frame e’ in RP*!. V is the p-dimensional subspace in RPt!
spanned by vV,

@ The root system of B, =~ S, x (Z,)P consists of two conjugacy
classes

Ri={+e,1<i<p}, Ro={xe'+e 1<i<j<p}.
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Framed Cherednik algebra

Generators I, g5, and K, for each root vector v (here
ac{l,2},ne{l,..,p}):

Inlm = Im/n7 lnln = Ina Inqg = qgln = qg’ Imqg = qglmv
qug = Rvnmq;nkva Rvku = kuRRu(v) = KRV(u)Kva
KK—lelv Ik(vv RV:R_V,

Labels i1 (v), ..., ik(v) enumerate idempotents /, affected by the reflection
R, .
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Framed Cherednik algebra

VI"I

n _my_ _ nm v o
(90, 95] = —icap (26 I, + V;zu(v)(v7 ") Kv) ,

where R is a set of conjugacy classes of root vectors, v(v) is a function
of conjugacy classes.
Klein operators K, obey

Inkv = vanvvn € {17"'7p}7

InRv = van = Rv ,Vn S {il(v)v (X3} Ik(v)} .

Following M.A. Vasiliev, JHEP 08 (2018), 051
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CHS model setup

Fields W(Y, Z; K|x), S(Y,Z; K|x) and B(Y, Z; K|x) which depend on
YR,Z8 (A€ {1,..,4},n € {1,...,p}), idempotents I,, differentials dZ!
and operators K, associated with C.

The star product

(fFxg)Y,Z,1)= ﬁ / d*PSd*® Texp(isf Ty CAgé”m)
f(Y, + /,'S,',Z,‘ + /,'5,'7 I)g(Y +T,Z-T, /),

where
€p 0
Cap = ( _ ) .
0 €4
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CHS algebra

It is demanded that

Yo sl =1xY), Yisxlhb=IL*xYl=Y,,

Lyxl,=1,, Iyxl,=I1,x%I,.

Z} obeys analogous conditions.
From the star product and properties of I, it follows

[Y/Xa Yén]* = 7[21’477257]* = 2iCA55nmlna [Y»ga Zén]* =0.

The star product admits inner Klein operators sz, 3, associated with the
root vectors v

L viym o _ vhvm
Ay = EXpl 17— ZanYm | » 2v =EXP\I7—<ZanYm | »
(v,v) (v,v)
n __ n _m n_ .n _n
%V*qa_Rv mqa*%V7 qa_.ycwza'
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CHS equations

Nonlinear equations for the generalized CHS theory are

AW+ WsW =0, (1)
dyB+W*B—BxW =0, ()
dS+WxS+Wx5=0, (3)

S«B=BxS, (4)

SxS — ,(dZAndZA,, + Z Z {F,*(B dz dZom * 3,k +
i VER; ( )
+ Fi(B)~

mdfﬁdfam * QV/A(V:|> ; (5)

where s, k, acts on dz{ as

n ok, * dzy = R, ,"dz5 % s,k

Fi«(B) is any star-product function of B on the conjugacy classes R; of
C. We set Fi,.(B) =7;B.
Following M.A. Vasiliev, JHEP 08 (2018), 051
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AdS, solution

The vacuum solution
Bo=0, So=dZ"Zx,, W =Wy(Y,I|x)
with flat Wo (Y, /|x)
dxWo (Y, I|x) + Wo(Y, 1]x) * Wo(Y,I|x) =0.
In a general CHS theory, AdS, is represented by a dx one-form
Qas(V1x) = = 50" (os( i + B (T30 + 2hs (V3T )

The AdS,; connection has no explicit dependence on idempotents /,,.
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Covariant derivatives

The covariant derivative is
Dof(Y; k, k|x) = DLf(Y; k, k|x)+
1 s _ _ s
+ E5’”’7ha0‘ (1ﬁlf,, + R(k)ﬁR(k)i,,> (YakliOar + VearlkOar ) (Y k, k|x)—
- é‘snmhad <1ﬁi£‘n - R(k)ﬁk(k)in) YVakTar — hli@akdar)F(Y; k, /£<|X),

where 1% and 1/, are identity matrices, k and k are products of k, and

k,, matrices R(k)X and R(k)!. are corresponding reflections in the root
space.
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General observation about modules

m | is a set of orthogonal

o If P = L5mm <1ﬁiﬁn + R(k)“R(k)!

projectors, i.e., (RR)? = 1, then the CHS module is a product of
adjoint and twisted-adjoint modules of standard HS.

@ If PX are not projectors, i.e., (RR)? # 1, then the CHS module is a
product of standard HS modules and infinite-dimensional entangled
modules of the new type.

@ Both cases appear for any nontrivial (not Z,) group C.
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The root system of B, has two conjugacy classes
Ri1 = {xe!, £}, Ry = {xe' +€°}.
The group B, is generated by

{kh kialk? = 1, ki = 1, kikiny = kioko, kokio = kioks,i € {1,2}}.
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For reflection matrices R(k) we have

R~ (5 1) R = (5 ) Rea = (5 ).
R(kiz) = ((1’ é)  R(kik) = (Ol _01)  R(kiks) = (‘1) 01> ,

R(koki2) = (01 é) , R(kikokiz) = <01 _01> )

Analogous matching occurs for R(k).
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All possible matrix products R(k)R(k) group into the 8 categories
/T 1 0 -1 0 1 0 -1 0
RUOR(K) = {(o 1) ’(0 1) ’(o —1) ’(0 —1) !
01 0 -1 0 -1 0 1
1 0/°’\-1 0/)’\1 0/’\-1 0O ’

inducing 8 types of covariant constancy equations on the component
fields

1
(Y1, Yz /27 l_<|X) = Z Cabesbe( Y1, Y2|X)kfk§kfzkf_l_<§_fz~

a,b,c,a,b,c=0
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For instance,

2
(DL + hoo Z(}/aiédi + 7@;%;)) C(Y:Kl|x) =0,

i=1

2
(DL — ih Z(yai}_/di - 3ai5di)> C(Y;K|x) =0,

i=1
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R(K)R(K) = (‘01 (1’)
i

(DL O (Y ar — OorBa) + h (vaadsn + ydzaa2)> C(Y:RIx) =0,

R(K)R(K) = (‘1) é)
(3
(DL + %had [(}/al + Ya2)(0a1 + 0a2) + (Va1 + Va2)(Oa1 + 5(12)] -

=51 01 = y02) G = 722) = (s~ 2ua)(Fia — Foa)] ) (Vi Kbe) =0,
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10 o~ - -
(DL + Ehw |:}’al(ad1 — 0a2) + Ya2(0a1 + 0a2) + Ya1(0a1 + On2—
_ I, e _ _ _ _
—Va2(0a1 — 3a2)} - Eh |:Ya1(yO'¢1 + Va2) — Ya2(Va1 — Yaz)—

—001(0a1 + Da2) + O (Da1 — 5@2)] > C(Yi, Yai k, /£<|X) =0.
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Entangled module

Ansatz C(Y1, Ya; k, i|x) = e~ Man" 42" €Yy, Yy k, i|x)

|:DL — ih <y1a)71a + YoaY2a + YiaYea — yza}71a> +

+ éhad (81a51a + 020,026, + O10.026 — 82a51d):| C(, Yo k, /£<|X) =0.
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Unitarity and boundary conditions

@ CHS modules with adjoint part can be restricted to the unitary
submodules.

@ Restriction in terms of the boundary condition in the stereographic
coordinates of AdS,

zlin 7 (Y].,Y2,K‘X)—O

where

1 .
Xop = O'ZB-XE, x? = xx? = Exwﬁ-xo‘ﬂ7 z=1+x2.
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