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o-model and instanton sum (Fateev, Frolov, Schwartz 1979)
which is singular

instanton sum = free massless fermionic tau function -
singular tau function !

regularization of singular tau function = introduction of mass
answers for correlation functions in terms of Bessel functions

0-problem and Dirac equation
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o model (Two-dimensional quantum ferromagnetic)

This model can be described by the action

1 3 o
S=37 / > (0o () (1)

where 0%, a = 1,2, 3 are the components of the unit vector:

3
Yo% (x)o(x)=1; u=0,1.
a=1
Let us note that the classical o-model in Minkowski space is the
well studied integrable model, see S.V. Manakov, S. P. Novikov, L.

Pitaevski and V. E. Zakharov, “Theory of solitons” Nauka, 1979
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The model similar to a Yang-Mills theory and posesses exact
multi-instanton solutions. The Euclidean Green functions can be
represented in the form

J ¢ (o) exp (=5)[]do ()
[ exp (=S) I;Ida (x)

Here ¢ (o) is an arbitrary functional of o. If we parametrize o (x)
with use of the complex function

1 - 2
o'(z) +ioc*(2)
= 3
o) = AT 3)
(the stereographic projection) obtained from the field (o, 0%, o%)
and the complex variable z = (¢ + iz1) instead of the time and
space coordinate xq , x1, then the instanton is the solution of the
equation 05 = 0 with the topological charge ¢ > 0 is given [1]
C(z—al)...(z—aq) ()
(z—=b1)...(2 — by)
where ¢, a;, b; are arbitrary complex parameters.

()

wq (a, b, z) =
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Instantons in 2D ferromagnets: history

A.A. Belavin and A.M. Polyakov, “Metastable states of
two-dimensional isotropic ferromagnets”, Pis'ma Zh. Eksp. Teor.
Fiz. 22 N10 (1975) pp 503-506

V.A. Fateev, I.V. Frolov, A.S. Schwarz, “"Quantum Fluctuations of
Instantons in the Nonlinear 0 model”, Nuclear Physics B 1564 N 1
(1979) pp 1-20

A.P. Bukhvostov and L.N. Litpatov, “Instanton-antiinstanton
interaction in nonlinear o-model and certain exactly solvable
fermionic theory”, Pis'ma v ZhETF vol 31 N 2 (1980) pp 138-142
(in Russian)
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Fateev-Frolov-Schwarz (FFS) answer for the instanton

contribution

The evaluation of the functional integral around the instanton
vacuums yields [2] the answers written in form of multiple integrals
over instanton parameters

K1 lai—a;|?[bi=b;|* y19  d2a;d?b;
Zq>0 qh2 f¢(Wq) Hi<j§q lai—b;12[bi—a;|2 LLi=1 Ja;—b;]2

IH |aziaj‘2‘b b ‘2 q d2a1d2b2
Zezo e S Wici<o fopmn—ar e G2 |,

(5)

<¢>inst =

where K is a real constant obtained as the result of the
regulanzatlon procedure

Each f d azb # is UV and IR divergent as L.
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FFS sum as (singular) tau function of the two-component

KP hierarchy

Kyoto group introduced n-component KP tau function with the
help of two-component massless fermions

w(a) Z¢ (a) z, ¢T(a) ZwT —z—l’ a=1,2 (6)

i€Z i€z
[ (21), ) (22)]4 = 8a0(21/22) (7)

7
where §(z1/22) = % Yicz %

Fourier modes:

Y@ 0y =0 = I @ n®) i <0, a,b=1,2,b#a
(8)
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Tau function of 2-KP

Tau function has a form

(n®, n®|1 (tu)) r (t@)) g1n®@ —n@ nO £ Oy (g)
where the function

T (t(a)> — Sino t8VI (10)

yields the dependence of the tau function on the 2KP higher times.
Here Ji(a) are Fourier modes of the fermionic currents:

and g is the exponential of quadratic in fermions expression:
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Fermi fields - known properties

we know

[regular]

Y(2)(y) = (& — y)[* * %], qp(x)w‘r(y) = -

and

o (@) @) )0 y) = s lregular]
SO

O]y ® (@)@ (@)@ (7 )T D (i )M (2)p1 P (2)p @ ()T (y)|0) =

= Ply—y)?
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g defines the solution of the 2-KP hierarchy (initial data)

g = 7 o2 v @V @dPa K [0 v (b= (b+e)d

where | take finite integration domain D? and the (imaginary) shift
€ in order to achieve a finite terms in the instanton sum. Now each
integral of

1

W@ O @u 06 - O @b+ ) =

is finite. However, it is not correct way of regularization because
we do not known what is the whole sum over ¢ (g is the number of
instantons).

The correct way is to re- wrlte the tau function as the functional
integral and notice that K3 plays the role of mass in Dirac
equation:
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Lagrangian approach

r_ / <¢T(1)( 10,00 (2) + 4T (2)8,4@ (2 ) 22s
+{ / mu (V01O (2) + @ (2 )}
(o %) (aey ) =0 = (% 2 )(Z
< W

W) (et )




Dirac equation and adjoint Dirac equation

Now, we solve

(vl deam) ([ %) =0 an

— 0, mu

where the derivatives act on the left (with the changing of

signum). That is
):m (12)

Dirac adjoint equation:
( Uy —82;) QH(ZVZM)
—0. mn ) \ ez, 7 )
T 82 ¢1(Z72) _
(5 ) (0E3)- )

Dirac equation:
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Concerning (13) we introduce the variables ¢, 7: z = €!®r. (In case
(12) we have the same except ¢ — ¢ + )

F'n+1)

e'on Tur) = z" r
()" In(2mpr) (1+0(ur)) (14)

n>0: 2" =z, =

Inl

(mu)

n<0: 22" —=2z,=2
" T T (In)

MKy (2mpr) = 2" (14 O(ur))
(15)

where I,,, K, are Bessel functions of the second kind (below n > 0
and v is digamma function):

PR DL A ) M
" 2 Pt ET(n+k+1) T(n+1) ’
n—1
k=0
L (é)”f}@(m D)+ ¢(n+k+1)) G _ ()" Ly
2 Rk+n) 22

L—()
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Let us note that for z = ¢'?|z| we have

1 i|n i(|n
aage | ‘¢I|n‘(27w|z|) = ¢l ‘+1)¢I|n\+1(27W|Z|)7 (16)

1 il
05 oKy (2mpl2]) = —e M2 R L (2mplz)),  (17)

which yields the upper and lower 'tails’ (see the next page)
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which we need for the massivization of the solutions to Dirac
equation (13):

0, ~ 100 (z: )
<¢(2)(2)> - ( 52)(z;u) 7 (18)
1/1(1)(2)) ( can > "
( 0 ) T\ -LoVmn ) (49)

Here z = 2, % and 1/;52) (z; 1) is defined as the series (6) for ¢(?)(2)
where
I'(n+1)

elon wur) = 2" r
) In(2mpr) (1+0O(ur)) (20)

n>0:z2" =z, =

(mp)!
L(|nf)

n<0:2"—=2,=2

ei¢"K‘n|(27T,m“) =2"(14O(ur))
(21)
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and the upper and lower 'tails’ defined via (16)-(17). We obtain
10, 2) ml(n+1) e L, (2mpr)
( o )7L g e 2 ) T
= |n| el(nl=D K,y (2mpr) ¥y (2, % 1)
0 @L(n+1) (=D, (2mpr)
< ¥)(,0) ) 20\ et )T

)3 W wirl (0K @rpr)\ (P (e 5 )
e~ 1IN K, (2mpr) ' (2)(2, Z; )

n<0
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The massivization of the solutions of the adjoint Dirac (12) is the
same: we replace each ¥ by w;r(i), i = 1,2 which differ by the
replacements z" — y,. The only difference is the sign of the
derivatives, therefore, the signs in the right hand sides of (16) and
(17). We obtain (see the next page):
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<ew<m+1>f<mﬂ<zw>> .

),
(2,25 1) T(l)
( 1 0 ) _>2mz>:0¢m Fm+1) —em K, (2mur)
+Zw*<1> U(jm|) [e?0mDr, i (2mpur) ' 1#1 (2,2 1) :
)|m| 1 6—2¢|m‘]'|m|<27(ur) ¢2 ( 2,2 )

m<0

m+l —e 7K, (21 pr) 5 N
-9, (2mpr)

D o
mz<:0 71'# |m| 1 el¢(‘m‘—1)l|m|_1(27ru7“)

. T
T(|ml) eI, (2mpr) (P (2 Ep
(2,7 1
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Massive fermions via massless ones

1/}2(27 ; )
Also
T T T

Wiz | _ 1z, 2 0) . (2,2 )

(2, 2 ) 1V (220 1 (2,20
Theorem.

[wz(zl) 22 + _51] Z n+17 1,7 172
nez 2
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We use the summation formulas with Bessel functions: (see [4] N
5.9.2.9 page 699)

2 Lot 0l = { T (V7= o

cos ka cosvf

(22)
w s &
22 —2wz cos a
|wexpial,|wexpia| < |z]|.

and where

where sin 3 = N
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(W (2,2 0), 080 (2 ) = 200 S ORI (2 I (2 )

n<0
(i (2, 2 0), 03P (2, 2 ) = 27y eW¢>"Kn<2w>fn<$r3:r’>
" (24)
Therefore,
(W (z 2 0), 032 7)) = > @0 (2,2 0), 0} (2, 25 ) =
o (25)
=2 Z K, (2mpr) L, (2npr’) = 2mpkKo(2mp|z—2']) =
T (26)

= — (log(mulz = 2'|) + (1)) (1 + O(u?|z — 2'[*))

where |z| > |2/| (in the last formula ¢ is diGamma function).
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WO, 250,08 (2, 7)) = —2mp > €O K (2 ) L (2
n<0

(27)

<1/J1 ( "2 ), 52)(2,2; w) = *271',[1,2ei(¢_¢/)nKn(QWMTI)In(27TMT)
n>
: , (28)
Wi 25 ), ez z ) = D Wi, 25 ), ) (2,25 ) =
i=1,2
(29)

= =27y Z U= g (27 pr) I, (2 ) = =27 Ko (2| z—2'|)
n=-—oo

(30)
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Green function of massive fermions

2 . i (T .
G”(WaZ’aZ’;M):‘/ - (zm : )eXp{z(’fHkZ)}

k 2mip kk + 4m2p?

1< (0141 (2, z)%( LZml0) (Ol (z, 7 um( ' 7, >!0>>

a 2mi <0W2(zaz7ﬂ)¢2(2 ' Z 7“)‘0> (0‘¢2(Z7zvﬂ)¢1(z ) Z )|0>
B —iuKo(2mpr) 27r,u7‘K1(27r,ur)G?’2(2, z")
—\ 2mpr K (2mpr)GY (2, 2) —ipKo(2mpur),
(31)
where r = |z — 2|, GS (2, 7) = 50 =7 L GY,(2,7) = et
AR TR wio o _s@0, (10
22(82 7W>G’(z,z)—6 (z—2) 01 (32)
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1+ 03
(@ (1) @ (@)@ (1) @ (Un))yey = (33)
_ n I3 (@i — 5) o il —

= (2mu) hi<icj<n(@i — %) (Wi — ¥5) dettEalznple: = 45k jn

(34)

(o @P ™). (35)

= 2mple — y|(Ky2rpule — y))* — @rple — y|(Ko(2mpule — y]))”

(36)
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Bilinear equations

Let z = er, r = |z|. Consider

27 . 2
5= / e deipn (6, r) U] (6, )+ / e dgnpa ()@Y (6, 7) =
0 0

> An@rpr) Y o @i

nez i=1,2

where
Ap2rpr) = I (2mpr) Ky (2w pr )+ 1, 2mpr) Ky (2mpr), neZ

then it follows:
S10) ® [0) =0
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Discrete Hirota equation

(22 - ZS)Gn1+1,n2,n3 (Z].u 22, 23)Gn1,n2+1,n3+1(217 22, 23)
+(23 — 21)Gn) no+1,n3 (21, 22, 23) Gy +1,n0,m3+1(21, 22, 23)
+ (21— 22) Gy o ns+1(21, 22, 23) Gy 41,0y +1,m5 (21, 22, 23) = 0 (37)

where
Gy ny s (21,22, 23) :=

(s () ()

1
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