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AdS» space and gravitational Wilson lines
The AdS; gravity can be formulated in terms of s/(2,R) gauge connections
A = A(p, z) with the zero curvature condition dA+ AA A = 0. The zero curvature
condition can be realized dynaimcally via the BF action

1
SBF[A7 B] = 7/ Tr BF
2 M,
where
> Tr is the s/(2,R) Killing invariant form
» B is a scalar
> F=dA+AANA
Introducing the s/(2,R) commutation relations
[nyIm] = (n— m)dntm with n,m=—-1,0,1
the solution of the zero-curvature condition F = 0 can be cast into the form
A= e_pJU i dZe‘ﬂJ0 + Jodp (Banados 1995)
The associated metric of the AdS, spacetime is given by
ds?> = e?Pdz® + dp?

The whole consideration can be extended to the AdS3 case by introducing
> (anti)holomorphic coordinates z, z
> gauge algebra s/(2,R) & s/(2,R)
» Chern-Simons action
» anti-chiral gauge connections A



Wilson lines and intertwiners

@® Gravitational Wilson line:
WiL] = pe™ LA
P [ is a path from x; to xo.
P P is the path ordering operator.
» The index j —» the connection A takes values in the s/(2,R) module R; of weight ;.

Properties:
> Gauge transformation W;[L] — g(x2)Wj[L]g ™" (x1).
> Transitivity Wj[L1 + Lo] = W,[L]W[L1].
P Wilson line associated with a flat connection depends only on the xi, x.

Direct calculation using A shows that
Wlx1, x2] = e P2Jo 7121 P10 where z; =z —z
@ |Intertwiners are defined as invariant tensors from Inv(R} @ Rj, ® Rj;), i.e
lijpis + Rjp ® Rjy = Ry
with the invariance property
s Up Uy = Upliyjs

where U; are SL(2,R) operators of the corresponding representations. Introducing
the ladder basis |j, m) € R; one obtains the matrix element of the intertwiner

1
. o oy [ DL 2 £y i =3+ DT (1jy —Jp i) (L 1) (= my 7 +1) ] 2
017"71“,1,2,3\J27m2>®|13»""3)*[ TG1+i2+i3+2)

oo
<5 (=12 +mM—m3+ (= ma iz + DT (= my 1o T DT (L my +o)T (1 m3 173)
my ,mp+m3 E :r(fmz7j1+j3+k+1)r(7m1+j37j2+k+1)k!r(m1+j1*k+1)r(1+m2+i2*k)r(/1+j27j3*k+1)
k=0
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Wilson line networks

Ty,
Yn—3

Tn—1

Wilson line network operator:

VV]il]:n,3 (xy) = (val b1, Xl]ljljﬁl VV]l [}/2,)/1]/J'-lj3]2 . VV]'n73[y"72’ y"73]I]n73jn71J.n)

X (ij2 [x2,y1] ... W, [Xa—1, Yn—2]W;, [Xm}/n72])

AdS vertex function is matrix element of the Wilson line network operator with the
cap states taken as Ishibashi states |a)) (ishibashi 1089)

Vi) = (ar| W7 (x,y) |22) © [23) @ -+ @ [an)

> |shibashi states — AdS, spacetime invariance of the AdS vertex function.
> The AdS vertex function is independent of positions of the vertices y;

(Bhatta, et al. 2016; Besken, et al. 2016; Alkalaev, et al. 2020).



AdS vertex function parametrization, global conformal blocks and
extrapolate dictionary relation
® The AdS vertex functions can be parameterized as

VJ](X) = vjj(cl2) <+ Cn—1n, C13, ..., Cp—2 n)
where we introduced the AdS invariant variables:
cj = ePiTPi 4 ePiTPi + (z; — zj)2eﬂ/‘+.0j -2
® The conformal n-point correlators can be expanded into the conformal blocks as

(O1(21) - On(20)) = > Coopy - Ch_y m1 n Fris(2)
h

where Cjy are model-dependent structure constant and F,;(z) are conformal
blocks. In general, exact expressions for the conformal blocks are not known.
However, in the large-c regime F,;(z) simplifies. The asymptotic of the block

depends on the asymptotics of h, h:

hh= O(cl) : heavy operators
h,h = O(c?) : light operators
Thus there are 3 types of conformal blocks
P Global conformal block — all operators are light,

P Classical conformal block — all operators are heavy,
P Heavy-light conformal block — mix of heavy and light operators.

@ The extrapolate dictionary relation (Alkalaev, Kanoda, Khiteev 2024)

lim e=P Xy, = C; Fi(2)

Jim_ TG [

where F,;(z) is the global conformal block in the CFTy, with-h = —j.
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HKLL formalism (Hamilton, et al. 2006)

HKLL representation of a scalar field in AdSj:

P(x) = du K(x, ulh)Op(u)
/U e—(1=h)p

K(X7 u|h) = (e_zp + (Z _ u)2)1—h

Op(u) is a primary operator of conformal weight h.
Mass of the scalar field related with conformal weight as m? = h(1 — h).
K(x, ulh) is smearing function.

Integration contour U lies on the conformal boundary of AdS,.

vVvyVvyVvyy

AdS, spacetime has two conformal boundaries but we consider only one.



Matrix elements of the Wilson lines

Theorem 1: Matrix elements of the Wilson lines are building blocks of the AdS vertex
function. Integral representation of the matrix elements is given by

_ (_)j+m+1Ajm

a|lW;[0, x]lj, m) = ————— du((u— z)%e? + e P) I, +m
w0 m) = LB ) du(e-2) )

. ml W [x, 0] ) = A Aim

= (1= e2ni) ?{,[ ’ dv((v —z)%ef + e Py Lyi—m
w,W

where w; = z; + ie”?i and P[w, w] is the Pochhammer contour around points w n w.

=0

HKLL representation of the matrix elements

(alW;[0, x][j, m) = ij{ _du K(x, u = j) (a|Wj[0, (u, p)ILis m),

U, m{Wjlx, 0]|a) = Kj?{)[ . dv K(x,v[ = j) 4, mW;[(v, p), 0]|a),

where (a|W;[0, y1]|j, m) 4 are boundary asymptotics of the corresponding matrix
elements.
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n-point AdS vertex function
The direct calculation of the n-point AdS vertex function is technically difficult.
Theorem 2: The n-point AdS vertex function has the following HKLL representation:

Vi) = G [T i ji[ oy K (s ukl = ji) F i (u)
Pl Wi, Wk

where F,:(u) is n-point global conformal block. After integrating over uj one obtains

=) X n—3 n—1 B B B B
+(x) = C~(2i)oi=1di [ - mj Kij H m; H 1141 K2t ks ki
V(%) = C5(20) =171 Liz(x) > D Xi SII4+1 Si421 S1411 51142
my,...,mp_3=0 i=1 I=1

{kii—2,kii—1,kiit1,kij42=0}i=1,....n

where we introduced auxiliary variables

_ (Wi = Wig1)(Wi2 — Wiss) Wim Wi e P

N W= W) Wi — Wis) T Wi

The leg factor:

n—3 . .n ) o )
L500) = [T T T = @) (W — Wy Y (g — g 0) It

i=1 =1

The coefficient:

DT/‘ kij — z (7js)k55—2+kss—l+ks5+1+k55+2 _
H s=1 kssf2!kssfl!kss+1!kss+2!ms!(_2./.s)k55,2+k5S,1+k55+1+k55+2(_2js)m5

n
X H(*J’t —Jt+1 Fhr—2 F g = M2 — Me )k ke g Ut = Jt—1 = Jt)me_qtmytkesn etke eao
=1
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2-point AdS vertex function

The 2-point AdS vertex function:

Si , J _
Vijp (%) = — 12 T (f(X12 X2)) 2F (% — + -i—ht = \{(x1,x2)2)
(21 +1)2

where the AdS invariant distance is defined as

2e—P—¢
e—2p 4+ e—2p’ + (Z _ 21)2

E(x,x') =

The asymptotic expansion near the conformal boundary p; = pp = oo reads

e_2pjlvuz (py2) = 1112212 +0(e™")

» The 2-point AdS vertex function coincide with the bulk-to-bulk propagator of free
scalar fields in AdS».

» Similar results were obtained earlier (cCastro, et al. 2018), but the construction
considered there is defined only in the case n = 2.

» Asymptotics of the AdS vertex function coincide with the 2-point conformal
correlation function in agreement with the extrapolate dictionary relation.



3-point AdS vertex function

3-point AdS vertex function:

(o )
Tt ki ki kiz koy ko3 ka1 Kk
Virjois (X) = 111213(2’)'/1 2 J3‘CJ Jois (X) Z D1132J3 1%251?52%152%3 3%1 332
ki2,k21,k13,k31,k23,k32=0

The leg factor:

Ljjojs (%) = (w1 — V_Vl)ih(WZ - V_V2)7j2(W3 - V_V3)7j3

x (W — v_v2)j1+j27j3(v_vl _ ‘7V3)j1+j3*jz(v-|,2 _ V-V3)J'3+J'2*J'1
The coefficient:

ki (=t 2 = J3)kgstkey (=2 = J3 + 1) kg kap (—J1 — 2 + J3) kpp ko

J1j213 k12'ko1!ki3!ks1!kos!kso!

(_jl)k12+k13 (_j2)k21+k23 (_j3)k31+k32
(=21 ) kyo ka3 (=202 ) kg + Koz (—243) kgy k32

The asymptotic expansion near the conformal boundary p; = p» = p3 = oo reads

elitiatiz)ey) Vitiis(9:2) p—00 = Cirjpjs (22 — Z3 2B (23 — Z 3T (7, — 7y Y1t~

1O(e™?)

The expression on the right is the 3-point conformal correlation function.



> 2-point AdS vertex function = bulk-to-bulk propagator.
» 3-point AdS vertex function = 777

Proposition 1: In the case of two points on the boundary the AdS vertex function is
proportional to the geodesic Witten diagram

dAGpp(x(A), x1]h1) Gpa(x(A), 22| h2) Gpa (x(A), z3|h3) o< Vjy o5 (x1, 22, 23)
V23
where Gpp(x(N), x1|h1) is bulk-to-bulk propagator and Gpy(x(A), z2|h2) is
bulk-to-boundary propagator.
Proposition 2: In case of one point on the boundary the 3-point Witten diagramm
can be expressed as a linear combination of the 3-point AdS vertex functions.

a(hy, ha, h3)

C:

= Vjijojs (41, %2, 23) [, __
J1J2J3

/ d*xGpp (X, x1|h1) Gpp(x, X2| h2) Gpa (x, 23] h3) =
AdS,

o0
a(hy; ha, h3; n)
B(h1; h2, hs) E . Vj2+j3—2nj2j3(X1,X2,23)}J-I_:_,,I,
n=0 —2ti3—2n joj3

> a h2 h1 h3 )
, N3
B(h2; hy, hs) E Vj1j1+j3—2nj3(X1’X2,Z3)}j,.:,h
n—0 Ciiii+iz—2n js



Conclusion and outlooks

» Formulated the one-to-one holographic correspondence between the
global conformal block and the AdS vertex function.

> |shibashi states as cap states —» AdS, spacetime invariance of the AdS vertex
function.

» In the case of two points on the boundary the AdS vertex function is proportional
to the geodesic Witten diagram.

» In case of one point on the boundary the 3-point Witten diagramm expressed as
a linear combination of the 3-point AdS vertex functions.

Further developments:

» Three points in the bulk.

» Linear combination of the n-point AdS vertex function = n-point Witten
diagramm?

» Correspondence between scalar field theory in AdS; and theory of the s/(2,R) flat
connections.



