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Motivation

Based on a series of papers with A.Morozov and N.Tselousov:

2307.03150, 2402.05920, 2407.03301, 2407.04810

Enum.Geometry

Categorification

New Algebras & Reps

Modularity

Non-perturbative phenomena

Wall-crossing Ñ phase transition

Integrability

Black hole physics

BPS states

[Nakajima; Kontsevich, Soibelman; Alday, Gaiotto, Tachikawa; Douglass, Moore; Schifman, Vasserot, ...]

Type II
D6/D4/D2/D0

CY3

4d N “ 1 SYM

1d N “ 4 QM

Xi“1,2,3

Zi“1,2,3 Yi“1,2,3

` W “ ϵijk Tr ZiYjXk

UV

IR



BPS Algebras

Multiplication:

m : Hγ b Hγ1 ÝÑ Hγ`γ1

[Harvey-Moore ’97] give a physical definition of a BPS algebra
through a scattering process:

S pΨ1 ` Ψ2 Ñ Fq „
xF |mHMpΨ1 b Ψ2qy

s ´ |Zγ1`γ2 |2

[Kontsevich-Soibelman ’11] give a mathematical definition of the
BPS algebra in terms of equivariant cohomologies of a quiver.



Quiver BPS Algebras

Q0 – quiver vertices

Q1 – quiver arrows

Q2 – superpotential

a, b P Q0
|a| “ p|a Ñ a| ` 1q mod 2

I, J P Q1

epaqpzq “
ř

nPZě0

e
paq
n
zn ,

f paqpzq “
ř

nPZě0

f
paq
n
zn ,

ψpaqpzq “
ř

nPZ

ψ
paq
n
zn ,

hI P C – equiv. weights, flavor charge

Bond factor: φaðbpuq ”

ś

IPtaÑbu

pu` hIq

ś

JPtbÑau

pu´ hJ q

Rational quiver BPS algebra (quiver Yangian)
[Li-Yamazaki ’20, Rapcak-Soibelman-Yang-Zhao ’18]

ψpaqpzqψpbqpwq “ ψpbqpwqψpaqpzq ,

ψpaqpzq epbqpwq » φaðbpz ´ wq epbqpwqψpaqpzq ,

epaqpzq epbqpwq » p´1q|a||b|φaðbpz ´ wq epbqpwq epaqpzq ,

ψpaqpzq f pbqpwq » φaðbpz ´ wq´1 f pbqpwqψpaqpzq ,

f paqpzq f pbqpwq » p´1q|a||b|φaðbpz ´ wq´1 f pbqpwq f paqpzq ,
“

epaqpzq, f pbqpwq
(

» ´δa,b
ψpaqpzq ´ ψpaqpwq

z ´ w
,

» – equivalent up to znwmě0, zně0wm



Quiver BPS Algebras II

C3
X1,2,3

W “ Tr X1 rX2, X3s

Y
´

pgl1

¯

Conifold

X1,2

Y1,2

W “ Tr pY2X2Y1X1 ´ Y2X1Y1X2q

Y
´

pgl1|1

¯

xy “ znwm . . . . . . Y
´

pgln|m

¯

KP2

X1,2,3 Y1,2,3

Z1,2,3

W “ Tr ϵijkZiYjZk

Y pKP2 q???

Representations: MacMahon-like, Fock-like, vector-like and more

Eτ pQ,W q

D8-D6-D4-D2-D0

TβpQ,W q

D7-D5-D3-D1

YpQ,W q

D6-D4-D2-D0

dim.
red.

dim.
red.

»

—

—

—

—

–

fi

ffi

ffi

ffi

ffi

flˆ
´toric Calabi-Yau

3-fold

¯

ϑ11pz|τq

3d N “ 2
Ell. Cohomology

2 sinhpβz{2q

2d N “ p2, 2q

K-theory

z
1d N “ 4

Cohomology



(Molten) crystal vacua

B2

B1

B3

I

J

, W “ TrB3 prB1, B2s ` IJq

rB1, B
:
1s ` rB2, B

:
2s ` II: ´ J:J “ r

rB1, B2s ` IJ “ 0

rΦ, B1s “ ϵ1B1, rΦ, B2s “ ϵ2B2, ΦI “ 0, JΦ “ ´pϵ1 ` ϵ2qJ

1 2 3 4

5 6

7

ϵ1

ϵ2

, I “

¨

˚

˚

˚

˚

˚

˚

˚

˝

?
7r
0
0
0
0
0
0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, Φ “ diag p0, ϵ1, 2ϵ1, 3ϵ1, ϵ2, ϵ1 ` ϵ2, 2ϵ2q

B1 “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0 0
2
b

6r
7 0 0 0 0 0 0

0
?

2r 0 0 0 0 0
0 0

?
r 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0

b

4r
7 0 0

0 0 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

, B2 “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

3
b

2r
7 0 0 0 0 0 0

0
b

3r
7 0 0 0 0 0

0 0 0 0
?
r 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚



Schur, Jack and Macdonald polynomials I

ą ą ą ą ą ą

mλpx1, x2, . . . , xN q “
ÿ

αPSN ¨λ

xα1
1 xα2

2 . . . x
αN
N (1)

1) Upper-triangular decomposition: Pλ “ mλ `
ÿ

µăλ

Kλµmµ ,

2) Orthogonality: xPλ,Pµy “ 0 unless λ “ µ .

Name P Norm

Schur S xPλ, PµyS “ δλµzλ ,

Jack J xPλ, PµyJ “ δλµzλβ
ℓpλq ,

Macdonald M xPλ, PµyM “ δλµzλ ˆ
ś

xPλ

1 ´ q2x

1 ´ t2x
.



Schur, Jack and Macdonald polynomials II

a) λ b) Addpλq c) Rempλq

, ω “ x ϵ1 ` y ϵ2

ek|λy “
ř

PAddpλq

Eλ,λ` ωk |λ ` y, fk|λy “
ř

PRempλq

Fλ,λ´ ωk |λ ´ y, ψk`m “ rek, fms

E, F (equiv. int.):
H`

H´

,
Ψ

,

Imσ

Reσ

x3

B⃗

,
01

s

Janus interface

ek, fk, ψk form an algebra Yϵ1,ϵ2 ppgl1q:

rψk, ψms “ 0, rψ0,1, eks “ rψ0,1, fks “ 0,

rψ2, eks “ 2ek, rψ2, fks “ ´2fk, ek`1 “
1
6

rψ3, eks `
ϵ1ϵ2pϵ1 ` ϵ2q

3
ψ0ek, . . .

Heisenberg algebra: pk “
1
k!

Adk´1
e1 e0,

B

Bpk
“

1
k!

Adk´1
f1

f0



Algebro-combinatorial duality

|λy “ Pλpp1, p2, p3, . . .q|∅y

Eigen functions
of Hamiltonians

in an integrable system

HnPolλ “ E
pnq

λ
Polλ

Fock module
of an algebra A

A
ˇ

ˇ

Fock ĄHeisenberg times pk
Polλppkq|∅y “ |λy

Self-dual
Kerov functions
invariant w.r.t.

partition ordering switch

Orthogonality
`

Upper-triangular decomposition
over basic universal functions

Hamiltonians = Cartan ops ψk in A

C
o
m
b
in
a
t
o
r
ic
s

A
l
g
e
b
r
a



Fock and Macmahon modules

Algebra Y ppgl1q Y ppgl1|1q

4-cycle in CY3

Quiver

B2

B1 B3

I J
I J

A1,A2

B1,B2

` ´

Superpotential W “ Tr pB1 rB2, B3s ` B3IJq W “ Tr pA1B1A2B2 ´ A1B2A2B1 ` A2IJq

Quiver variety BB3W “ rB1, B2s ` IJ “ 0 BA2W “ B2A1B1 ´ B1A1B2 ` IJ “ 0

Crystal slice A2 A1

B2

B1



Super-partitions and super-Young diagrams

Super-partition :
"

4,
7
2
, 2, 2,

3
2
, 1
*

“

ϵ1

ϵ2

“
␣

3, 2, 3
2 ,

1
2
(

Generating function:
ÿ

λ

q2|λ| “

8
ź

k“1

1 ` q2k´1

1 ´ q2k

For example:
Lvl.1:

θ 1
2

Lvl.2:

p1

Lvl.3:

θ 3
2

p1θ 1
2

Lvl.4:

θ 3
2
θ 1

2
p2 p2

1
Lvl.5:

p2θ 1
2

θ 3
2
p1 θ 5

2
p2

1θ 1
2

Lvl.6:

θ 5
2
θ 1

2
p2p1 θ 3

2
p1θ 1

2
p3 p3

1



Equivariant Euler classes

Euler class Ø partition function in QFT:

Eulλ “

»

—

–

ż

UpλqPinstanton moduli space

1

fi

ffi

fl

´1

“
ź

Pλ

υλp q “ xPλ,Pλy

L
e
g

Arm

Leg parity Arm parity υλp q

even even
´

´ ϵ1|legλp q| ` ϵ2|armλp q| ´ ϵ1
¯

¨
´

ϵ1|legλp q| ´ ϵ2|armλp q| ´ ϵ2
¯

odd even
´

´ ϵ1|legλp q| ` ϵ2|armλp q|
¯

¨
´

ϵ1|legλp q| ´ ϵ2|armλp q| ´ ϵ2
¯

even odd
´

´ ϵ1|legλp q| ` ϵ2|armλp q| ´ ϵ1
¯

¨
´

ϵ1|legλp q| ´ ϵ2|armλp q|
¯

odd odd 1



Combinatorial super-Macdonald polynomials

ą ą ą ą ą ą ą ą ą

1) Upper-triangular decomposition: Pλ “ mλ `
ÿ

µăλ

Kλµmµ ,

2) Orthogonality: xPλ,Pµy “ 0 unless λ “ µ .

Name P Norm

super-Schur S xPλ, PµyS “ δλµzλ ,

super-Jack J xPλ, PµyJ “ δλµzλβ
ℓpλ`q ,

super-Macdonald M xPλ, PµyM “ δλµzλ ˆ
ś

xPλ`

1 ´ q2x

1 ´ t2x
ˆ

ś

yPλ´
q2y .

Two orderings:

ąr ăc

ąr ăc



For example

‚ Level 1{2:
Mt1{2u “ θ1{2 .

‚ Level 1:
Mt1u “ p1 .

‚ Level 3{2:

Mt3{2u “
q2 `t2 ´ 1

˘

q2t2 ´ 1
p1θ1{2 `

`

q2 ´ 1
˘

q2t2 ´ 1
θ3{2, Mt1,1{2u “ p1θ1{2 ´ θ3{2 .

‚ Level 2:

Mt2u “

`

q2 ` 1
˘ `

t2 ´ 1
˘

2q2t2 ´ 2
p2

1 `

`

q2 ´ 1
˘ `

t2 ` 1
˘

2q2t2 ´ 2
p2 ,

Mt3{2,1{2u “ θ3{2θ1{2, Mt1,1u “
1
2
p2

1 ´
1
2
p2 .

[Alarie-Vezina, Blondeau-Fournier, Desrosiers, Lapointe, Mathieu, ...]



Algebraic (Physical) super-Macdonald polynomials

y

x

(a) λ (b) Addpλq (c) Rempλq

ê`
0 Mλ “

ÿ

PAddpλq

Eλ,λ` Mλ` , ê´
0 Mλ “

ÿ

PAddpλq

Eλ,λ` Mλ` ,

f̂`
0 Mλ “

ÿ

PRempλq

Fλ,λ´ Mλ´ , f̂´
0 Mλ “

ÿ

PRempλq

Fλ,λ´ Mλ´ .

Super-Heisenberg algebra:

θ1{2¨ “ ê`
0 , p1¨ “

!

ê`
0 , ê

´
0

)

,

B
Bθ1{2

“ f̂`
0 ,

B
Bp1

“
!

f̂`
0 , f̂

´
0

)

.

Pλ “ mλ `
ř

µăλ

Kλµmµ - Kostka numbers are functions on super-Young

tableaux:

,
λ “ t7{2, 3, 3{2, 1{2u ,
µ “ t5{2,2,2, 3{2, 1{2u ,

∅ Ă t5{2u Ă t3, 3{2u Ă t3, 5{2, 1u Ă t7{2, 3, 1, 1{2u Ă t7{2, 3, 3{2, 1{2u ,



Uglov polynomials

r

1
2

3

4

5
6

r

1
2

3

4

5
6

x

y

1

5

4

3

2

1

5

4

3

2

1

2

1

5

4

3

2

1

5

4

3

2

3

2

1

5

4

3

2

1

5

4

3

4

3

2

1

5

4

3

2

1

5

4

5

4

3

2

1

5

4

3

2

1

5

1

5

4

3

2

1

5

4

3

2

1

2

1

5

4

3

2

1

5

4

3

2

3

2

1

5

4

3

2

1

5

4

3

4

3

2

1

5

4

3

2

1

5

4

5

4

3

2

1

5

4

3

2

1

5

1

5

4

3

2

1

5

4

3

2

1

(a) (b) (c)

λ å r 1 pJackq 2 3 4 5 . . .

p1 p1 p1 p1 p1

p2
1´p2

2
p2

1´p2
2

p2
1´p2

2
p2

1´p2
2

p2
1´p2

2

βp2
1`p2
2

p2
1`βp2

2
p2

1`p2
2

p2
1`p2

2
p2

1`p2
2

p3
1´3p2p1`2p3

6
p3

1´3p2p1`2p3
6

p3
1´3p2p1`2p3

6
p3

1´3p2p1`2p3
6

p3
1´3p2p1`2p3

6

βp3
1´pβ´1qp2p1´p3

2β`1
p3

1´p3
3

p3
1´p3

3
p3

1´p3
3

p3
1´p3

3

β2p3
1`3βp2p1`2p3
pβ`1qpβ`2q

p3
1`3βp2p1`2p3

3pβ`1q

p3
1`3p2p1`2βp3

2pβ`2q

p3
1`3p2p1`2p3

6
p3

1`3p2p1`2p3
6

. . .

q1 “ eϵ1ℏ` 2πi
r , q2 “ eϵ2ℏ´ 2πi

r , q3 “ e´ϵ1ℏ´ϵ2ℏ, ℏ Ñ 0

Tq1,q2 ppgl1q Ñ Yϵ1,ϵ2 ppglrq



Open Problems

• Triangular = Stokes?

• When quiver Yangian (toroidal algebra) can be bosonized?

• Kostka amplitudes?

• Tppgl1|1q Ñ Yppglr|rq super-Uglov polynomials

Thank you for your attention


