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MOTIVATION

BASED ON A SERIES OF PAPERS WITH A.MOROZOV AND N.TSELOUSOV
ENUM.GEOMETRY
CATEGORIFICATION

NEW ALGEBRAS & REPS

2307.03150, 2402.05920, 2407.03301, 2407.04810

NON-PERTURBATIVE PHENOMENA
WALL-CROSSING — PHASE TRANSITION
INTEGRABILITY
MODULARITY BLACK HOLE PHYSICS
[NAKAJIMA; KONTSEVICH, SOIBELMAN; ALDAY, GAIOTTO, TACHIKAWA; DOUGLASS, MOORE; SCHIFMAN, VASSEROT, ...]
CcY3
uv TYPE Il O
E—— o
D6/D4/D2/DO O
4D N =1 SYM

IR

IDN =4 QM
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BPS ALGEBRAS

MULTIPLICATION:

m

H—y ®H,\// —_—> H’Y+’Y/
THROUGH A SCATTERING PROCESS!
S (‘1/1 + Uy — ]:)

GIVE A PHYSICAL DEFINITION OF A BPS ALGEBRA

_ Flmuv (1 ® ¥2))

s —|Zy1 472 |2
GIVE A MATHEMATICAL DEFINITION OF THE
BPS ALGEBRA IN TERMS OF EQUIVARIANT COHOMOLOGIES OF A QUIVER.
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QUIVER BPS ALGEBRAS

(o * QUIVER VERTICES

* QUIVER ARROWS

a, be (2()
la] = (Ja — a| + 1) mod 2
,J €
()2 * SUPERPOTENTIAL
(@)= 3 G
neZe zn h; € C » EQUIV. WEIGHTS, FLAVOR CHARGE
=~ o IT (u+h;)
f(“)(z) = Z " e{a—b}
e 2 BOND FACTOR: ¢ (u) =
>0( ) H (u —h )
w(u)(z) — Z ’wbznn , e{b—a}
neZ
RATIONAL QUIVER BPS ALGEBRA (QUIVER YANGIAN)
P (2) O (w) = ) (w) %) (),

D (2) e® (w) = 1= (2 — w) e® (w) P (2) ,
@) (2) e (w) = (=11t b (5 — ) o) (w) el (),

[ (2), £O (w)} =~ —g

P (2) fFO (w) =~ 20 (z — w) 7L O (w) P (2),
f(“)(z) f(h) (w) - (_1)|u||b\ u=l>(z _ w)—l f(h) (,w) f(u.)(z)
~ o EQUIVALENT UP TO z"w™m>0, zn=0qyym

2 —

¥)(E) = 9 (w)
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QUIVER BPS ALGEBRAS Il

.| L "

W =Tr X; [Xz, X3]

X2
CONIFOLD ‘H; Yz Y (g[m)
W =Tt (YaXoV1X1 — Y2 X1Y1X2)
= 6
X123 Yi23

e )l\

Z1,2,3

(Kp2)?7?
W = Tr 9% Z,Y; Z),

REPRESENTATIONS: MACMAHON-LIKE, FOCK-LIKE, VECTOR-LIKE AND MORE
E-(Q,W)

Ts(Q,W) Y@ W)
oM oM.
RED. O RED.
—_— —_— Y
D8-D6-D4-D2-DO D7-D5-D3-D1
D11(2|T) 2sinh(Bz/2)
3dN =2

ELL. COHOMOLOGY

x(
2d N = (2,2)

TORIC CALABI-YAU
D6-D4-D2-DO
K-THEORY

3-FOLD )
z
1dN =4

COHOMOLOGY
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(MOLTEN) CRYSTAL VACUA

; , W =Tr B ([B1, B2] + 1J)
[Bi,Bi]+ [Ba, Bl + 11T — JTy =
[B1,Bg] +1J=0
[Cb,b’]] =e€1 B, [‘D,Ug]:egb)g, ®I =0, J(D:—(E1+€2)J

\Tr
(0]
0
, I= 0 ® = diag (0, €1, 2¢1, 31, €2, €1 + €2, 2€2)
(0]
(0]
0]
€1
0O 0 0 0 0 00 0 0 00 0 0 O
2/ 0 0 0o 0 00 ggggggg
0 V2r 0 0 0 0 0 0 P 00 O O
Bi=| o0 0 r 0 0 0 0 Ba=| =
O 0 0 0 0 0 0 3¥ 0 00 0 00
0 000\/@00 0 ¥ 00 0 00
0 0 0 0 0 0 0 0 0 0 0 7 0 0
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Ejga

SCHUR, JACK AND MACDONALD POLYNOMIALS I

[]
T - P - B - oo
Az1, T2, .., 2N) = Z @5 2 oo o @pg (1)
ESN-A
1) UPPER-TRIANGULAR DECOMPOSITION: P, = m, + Z K\, m,,
<A
2) ORTHOGONALITY: (P,,P,>=0 UNLESS )=
NAME P | NORM

SCHUR (Px, Pu)s = Oxp2x,

JAack J | {Py, Py = 6x,20 8,
MACDONALD | M | (P, P,)m = 0y ,20 X []

1— q2x
TEA

1— 2
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SCHUR, JACK AND MACDONALD POLYNOMIALS Il
\

B) Add(A
kA =

D)

O = zgel +yoe
C) Rem(\)
Ex owfA+DD, freld= ¥ FuoaowEA—D0D, Yrim
DeAdd(A) DeRem())
E, F (EQUIV. INT.): )E( jE(
k» /k» U FORM AN ALGEBRA Y., . ,(g[l)
[UA-: L’m] =07

= [¢& /m]
=

[¥0,1, fr] =0
[¥2, fi]

D
= —2f,

1
e+l = ¢ [¥3,ex] +
U e
HEISENBERG ALGEBRA: |k = 7-Ad 0,

€1€2(€1 + €2

( )1#'061@7
3

6 —

k—1
ak_ﬁAdl 0]
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ALGEBRO -COMBINATORIAL DUALITY

ALGEBRA

COMBINATORICS

(1) =P (1,028, )2))

HAMILTONIANS

CARTAN OPS

k IN &

EIGEN FUNCTIONS
OF HAMILTONIANS
IN AN INTEGRABLE SYSTEM

H,Poly = E{™Poly

)

Ve

|

Fock MODULE

OF AN ALGEBRA &/
DHEISENBERG TIMES py

'ock

Polx(pk)[2) = [A)

SELF-DUAL
KEROV FUNCTIONS
INVARIANT W.R.T.
PARTITION ORDERING SWITCH

ORTHOGONALITY

UPPER-TRIANGULAR DECOMPOSITION
OVER BASIC UNIVERSAL FUNCTIONS

4
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Fock AND MACMAHON MODULES

ALGEBRA Y(EII) Y(gA[m)
4-CYCLE IN CY3 } —#
B2 Ay,Az
+ _
By B B1,B2
QUIVER
I
I
SUPERPOTENTIAL | W = Tr (By [Ba, B3] + B31.J) W =Tr (A1 B1A2By — A1 B3 A3 By + AslJ)
QUIVER VARIETY 0p,W = [B1,B2] +1J =0 04,W = B2A1B1 — B1A1Bo +1J =0
CRYSTAL SLICE
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SUPER -PARTITIONS AND SUPER - YOUNG DIAGRAMS

7 3
SUPER-PARTITION : {4, 5,2,2, 5,1} =

€2
3 1
— - (3234
€1 -
21| 0 1+q2k—1
GENERATING FUNCTION: » ¢?I* = T] =
b\ k=1
FOR EXAMPLE:
VL. VLo LvL.3: LvL.4:
g o || |H|m
% P1 03 P10 0301 P2 P
LvL.5: LVL.G:
H | PP o E H |~ H EE
p201 93?1 (23 pi01 0501 P2p1 03p101 P3 Py
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EQUIVARIANT EULER CLASSES
EULER CLASS <> PARTITION FUNCTION IN QFT:
=i
Eul, =

1
U(2)eINSTANTON MODULI SPACE

Oex

[[o@ =<PaP

e I I

LEG

LEG PARITY ‘ ARM PARITY ‘ vy (O)
(- cillegr@)] + exlarmy @] — 1) - (exllega @) — ezlarmx (@)  ez2)
obD ( — exllega@)] + 52|arm)\(D)|) . (51|leg)\(D)| — ex]army ()] — 62)
ODD
ODD ODD

(- aleer@| +elarmyO)] - a) - (allega@)] — czlarmx @)1
1
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COMBINATORIAL SUPER-MACDONALD POLYNOMIALS

E>B7>EI>E;> >B}>E97>B:D>9:EV>D:\:D
1) UPPER-TRIANGULAR DECOMPOSITION

P, =m, + Z K,, m,,
2) ORTHOGONALITY:

<A
{Px,P.)=0 UNLESS )=
NAME P | NORM
-SCHUR (Px, Pu)s = dxp2x ,
-JACK 3 | Py, Bs = 60,2280,
2z
-MACDONALD | M | (P\,P,>m = 6xu2x X [] qx x T ¢*
cert 1— yeA—
ORDERINGS:
o - < B
a > ﬁ H <ec ﬁ
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FOR EXAMPLE

LEVEL 1/2:

LEVEL 1:

M{l/z} - 91/2
LEVEL 3/2:

M1y = p1-
2 (¢2
q° (t 71)
M{3/2} = m

2
(q
P16, +
1/ q2
LEVEL. 2:

2 — 193/27 M{1,1/2} = p19]/2 B 63/2
My2y = (2 +1) (¢2— 1)p% + @ -1)(E+ l)pzy
2q2t2 — 2 oy
Msp ey = 03610, M1y = 217% B 5?2 .
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DA



ALGEBRAIC (PHYSICAL) SUPER ~-MACDONALD POLYNOMIALS

T ” NN g T
T g W
N ENEY J“ g
. T .
=g P g
[EVDY (8) Add(}) (C) Rem()\)
sk o
oMy = Z A+ Mo, o My = Z Aa+aMaia,
PeAdd(\) AeAdd(N)
A N
o M = Z Aa—r Ma_p, oMy = Z Aa—aMy_ 4.
eRem(\) AdeRem ()
SUPER-HEISENBERG ALGEBRA:
PR
2 b 3 _ [+ -
B0, 10> op1 = 140270 [ -
Py =m\+ >

Ap My -
n<X
TABLEAUX:

NUMBERS ARE FUNCTIONS ON SUPER-YOUNG
>\ = {7/27 37 3/27 1/2} K

’ N = { bl bl 27 I } b

2 < {52} < {3,382} = {3,5/2,1} < {7/2,3,1, 12} = {7/2,3,3/2, 12},
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UGLOV POLYNOMIALS

(a) B) (o))

AN r 1 (Jack) 2 3 1 G
[m] P 1 PL 1
T £ T =
Pi-r2 Pi-ra -2 Pi-ra
ma] 2 :
7 7 7
H ﬁv‘;vz pi+8p2 Pitps pi+pe Pi+p2
2 2 2 2
oD | fomritm  Amntn  eriin et pseriim
g 3 3 g 3
B] B3 —(8-—1)pap1—ps pi—ps pi—ps pi-ps pi—ps
D> e— 5 5 s 5
H B°p}+38pap1+2ps  p+38pap1+2ps  p+3papi+20ps  pi+3papi+2ps  pi+3popi+2ps
(FFD(+2) EIGESY) 2(5+2) G g

(1]'+2?i q2 = 612]’_2?i q3 = 67(1’77{:2;1 h—0
I’ K K

Ty1,q2(8h) — Yei,e0(al))

g1 =e€
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OPEN PROBLEMS

* TRIANGULAR = STOKES?

* WHEN QUIVER YANGIAN (TOROIDAL ALGEBRA) CAN BE BOSONIZED?
* KOSTKA AMPLITUDES?

* T(glyy) — Y(gl,,) SUPER-UGLOV POLYNOMIALS

THANK YOU FOR YOUR ATTENTION
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