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Our results on describing the infinite (continuous) particle
on curve space-time will be presented.

In 4D space-time infinite spin representations are massless (P™Py, = 0)
unitary irreps of the Poincaré group which obey [E.Wigner, 1939;
V.Bargmann, E.Wigner, 1948]:
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Each of these representations contains infinite tower of states with all (integer
or half-integer) helicities.

The same spectrum of states is used in higher spin theory
that considers infinite tower of the helicity states (W™Wpy = 0, Wy, = APp).

There are some similarities higher spin theory and infinite spin theory.

But there are a number of differences:

e in highest spin theory all spins unite with each other through interaction,
whereas in infinite spin theory all spins are combined together initially;

e in infinite spin theory there is dimensionfull parameter .



Infinite spin reps were researched in the 2000s in many studies (see, e.g.,

[L.Brink, A.Khan, P.Ramond, X.Xiong, 2002] Wigner’s continuous spin irreps
in higher dimensions;

[X.Bekaert, J.Mourad, 2005; X.Bekaert, N.Boulanger, 2006] Wigner equations
as a limit of massive higher-spin field eqs.; Fronsdal-like form of these
equations;

[P.Schuster, N.Toro, 2013, 2014, 2023, 2024] Lagrangian description of gauge
inf. spin fields; possible detection of infinite spin states in modern experiments;
[A.Bengtsson, 2013] BRST formulation of infinite spin field theory;

[R-Metsaev, 2016, 2017, 2018, 2019, 2021] bosonic and fermionic infinite spin
gauge field in (A)dS space, light-front formulation, BRST formulation;
[V.Rivelles, 2016, 2018] investigation of gauge theory for infinite spin particle
by Schuster and Toro;

[X.Bekaert, M.Najafizadeh, M.Setare, 2016] local covariant action for gauge
field theory of fermionic infinite spin particles;

[X.Bekaert, E.Skvortsov, 2017] quite a detailed review;

[K.Alkalaev, M.Grigoriev, A.Chekmenev, 2016, 2018] unified BRST
formulation for helicity and continuous spin bosonic and fermionic fields;



[Yu.Zinoviev, 2016; M.Khabarov, Yu.Zinoviev, 2017] infinite spin fields in
frame-like formalism in flat and AdS spaces, Fronsdal-like formulation;

[I.Buchbinder, SF, A.Isaev with coauthors, 2018-2023] twistorial formulation
in 4D and 6D; BRST formulation; N'=1 supersymmetric theory;

[I.Buchbinder, S.J.Gates, K.Koutrolikos, 2019, 2020] A'=1 supersymmetric
theory in superfield formulation;

[I.Buchbinder, M.Khabarov, T.Snegirev, Yu.Zinoviev, 2019] component
Lagrangian formulation for infinite spin N'=1 supermultiplets;

[C.Burdik, V.Pandey, A.Reshetnyak, 2019] BRST-BFV and BRST-BV
descriptions for bosonic infinite spin fields;

[M.Najafizadeh, 2020, 2022] supersymmetric continuous spin gauge theory;

[I.Buchbinder, V.Krykhtin, H.Takata, 2018]
[H.Takata, 2024] discussion of unconstrained Lagrangian formulation for
bosonic continuous spin theory in flat spacetime;

[E.Joung, T.Oh, 2024] discussion of representations relevant to infinite spin
particle in AdS spacetime ).

But, in almost all paper, infinite spin particles were considered in flat space.



There are very few papers on infinite spin particle in curved space.

e In [Metsaev, 2017], the Lagrangian infinite spin formulation was constructed
by specific deformation of the Fronsdal Lagrangian on AdS. This result was
later confirmed in [Metsaev, 2019] within light-cone approach.

e In [Khabarov, Zinoviev, 2017], the Lagrangian construction for an infinite
spin field in AdS space was realized in the frame-like formulation.

e Infinite spin fields in AdS space were discussed also in the review [Bekaert,
Skvortsov, 2017].

e In these papers, the Lagrangian formulation for infinite spin fields was
constructed not in an arbitrary curved space-time, but only in AdS space.

This talk will present 1d infinite spin particle model and 4D infinite spin field
formulation in curved space within the framework of our description of such
states.



4D infinite (continuous) spin fields

Since infinite spin representations are infinite-dimensional (in a fixed
space-time coordinate), it is necessary

@ to consider an infinite tower of space-time fields
@ or consider generalized fields that depend on an additional coordinate.
To take into account symmetries, the second choice is preferred.

One of the possible choices is to use commuting vector y™ as additional
coordinate (see, for example, [E.Wigner, V.Bargmann]|, as well as most articles
on infinite spin fields).

In such formulation, infinite spin field ®(x™,y™) depends on
the position vector x™ and vector coordinate y™.

To describe irreducible infinite spin representations,
the field ®(x™,y™) obeys the Wigner-Bargmann equations of motion.

We use different formulation in describing
infinite (continuous) spin representations.



4D infinite spin fields with additional spinor coordinate

Wigner-Bargman formulation with additional vector variable ‘

|} [I.Buchbinder, SF, A.Isaev, A.Rusnak, 2018]

‘ Twistor formulation of infinite spin particle ‘

|l quantization [I.Buchbinder, SF, A.Isaev, 2018|

‘ Twistor fields of infinite spin particle

|l twistor transform  [L.Buchbinder, SF, A.Isaev, 2018]

Infinite spin fields with additional spinor coordinate ‘




4D infinite spin fields with additional spinor coordinate

In our formulation, the additional variable is _
commuting Weyl spinor £%, £* = (£%)*, a = 1, 2.

The field ®(x; &, &) describing infinite integer-spin representation obeys the
following equations of motion [[.Buchbinder, SF, A Isaev, V.Krykhtin, 2018]

amam ¢(x;£,§) = 0,

[i(gamg’)am T u: o(x;6,E) = 0,

|:Z (gami) 8I‘T] - I‘l’- ¢(X,f,g) = 07

[sa 2] oxied = o.

Due to the first three equations, the field ®(x; &, £) satisfies
W2O(x;€,€) = —pd(x;€,).

and describes irreducible massless infinite spin representation.



4D infinite spin particle in flat space

In 1d description, the dynamics of infinite spin particle is determined by the
set of the first class constraints: [[.Buchbinder, SF, A.Isaev, V.Krykhtin, 2018§]

P"pm =~ O,
(™) pm—p ~ O,
(76" m)pm—p =~ O,
&m — 7€
in the phase space with canonical Poisson brackets
X" pn},, =00, (&%), =05, {7, =95

It is flat-space formulation of infinite spin particle.

%
o

The main task is to generalize this model to the case of curved space-time.
The basic requirements for such a construction are:

e General covariant generalization of constraints with a given flat limit.

e Closure of the algebra of new constraints.

These conditions lead restrictions on space-time geometry.



Generalization to curved space-time

Now x#(7) are local coordinates in curved space, £%, %, m,, T are
two-component spinors in tangent space. Their Poisson brackets are

{XP‘?pV}pB = 555 {§a7ﬂ-ﬂ}p5 = 537 {gd’ﬁ-g}pg = 5; ’

Space-time geometry is described by metric g,.,(X), vierbein €]]'(x) and
spin connection w,™ (X).

Transition from flat space-time to curved space-time involves the replacement

1
Ewumanna Pm = emPy,

where Mmn = Eomnm — ﬁ&mng — generators of tangent Lorentz transformations

Py — P;L = Pp +

Components of “covariant momentum” satisfy the Poisson brackets algebra
1

{PN7PV}PB = 2

mn
Rp,l/ an 9

where R,,™, is the curvature tensor.



Restriction on space-time geometry

Covariant generalization of the flat space constraints should be of the form:
P"Pm+--- =0, (™) Pm—pu+---~0, (R6"T)Pm—p+---=0

were the dots mean terms that disapper at vanishing the gravity background.

Closing the algebra of constraints leads to the following important
consequences:
o Curved space must be the Riemannian space with zero torsion: T,,,™ = 0.
o Curvature tensor of the background geometry should be of the form:

Rmn*‘ = & (0mdn — 6mdR) ,

where x is a constant. That is, only spaces of constant curvature are
allowed as background: the Minkowski space (x = 0), de Sitter space
(k > 0) and anti de Sitter space (k < 0).

o All additional terms (the dots in the formulas above) in the constraints
are fully defined (there are two constants in the solution, which we fix
below for definiteness).



Curve space-time constraints

In the case of AdS space the final constraints have the form
1 1
Fo = P"Pm— 7 Rmn MMMy, — 5 kK? —2u|sY? =~ 0,
1

F = (o) Pm—p+ 2 |k|Y/2K2 ~ 0,

7 —~m 1 12,2

F = (76 71')73m—,u—|—Z|/£| Ke = 0,

U = N-N = 0,
where K= N+N, N =¢&%,, N =758%

The only non-zero Poisson bracket of constraints has the form

{F,F} = -KFo+|s['?K (F+F) .



In dS space the constraints have the form

Fo = Pmpm—%RmnkeanMké_%’ﬂKz ~ 0,
F o= (famf_)Pm—qu%ﬁl/Z’CZ ~ 0,

F = (ﬁ&mw)Pm—,u—%Hl/Z’Cz ~ 0,

U = N-N ~ 0,

The only non-zero Poisson bracket of constraints has the form

{F.F} = —KFo+|'/?K(F-F).

Replacing phase space coordinates with operators (taking into account their
ordering) and considering constraints as equations of motion (first operator
quantization), we obtain field theory of infinite spin particle on curved space.

Important requirement in this case is to obtain Lagrangian theory,
when all conditions are obtained from the Lagrangian.



BRST Lagrangian formulation of infinite spin field on AdS,

We have constructed field formulation of the infinite spin particle in AdS
space by using BRST methods.

The main points in the construction:

o Spinor quantities &, &4, 0/0&4, 0/0&s are realized by creation ¢, C4 and
annihilation a,,, @ operators in the Fock space:

[éB’ 60‘] = 52’ [aﬂv Ca] = 5g ’ (aoz)]L - éda (éa)T =Cqu,

acting on vacuum states |0) and (0|, (0]0) = 1 according to

(0|4 = (0]c® =0, a%|0) = a,|0) = 0.



The Fock space of the system under consideration is formed by ket-vectors

- 1 & «@ =
o) = § lps) lps) = 51 Pals) (S)(X) cel®) Cas)|0)
s=0 '

where

c™®) i= ¢ ...c%, Ty(s) i= Ciy ---Cas» Ba(s) = day ---8ay, A :=8% .. 2%
These states automatically satisfy the conditions

(N-N)[p)=0, (a/(N-N)=0,

where _ _ _

N :=c%,, N :=¢;a%, Nf=N.
Therefore, the use of the Fock space formed by these vectors gives us the
resolution of one constraint U ~ 0.



@ BRST charge is constructed by the operators of the first class constraints:

- - 1
Lo = DZ—FH(NN+N+N)+2u‘ﬁ|l/2—§,‘ﬂtK2,
. _ 1
L = |(ao—"‘a)eﬁgD,,,—u—Z|ht\1/2K2,
. _ 1
Lt = I(CUmC)e#,D“—M—Z‘Iﬂl/ZKZ,

Here the D,, are the covariant derivative operators defined by
D, = 0, + % W™ Mmn , Mmn = €% (0mn)a’ 85 + Ca (&mn)‘j‘ﬁ- a’
Lo, L, L™, N, N, K are operators corresponding to Fo, F, F, N, N, K.
Commutator algebra of the constraint operators is written in the form
[L,L] = O, LT, L] = O,

L L

KLo + |s|Y2(K +1)L + |&]"3(K —1)L*t.



@ The conditions for Hermitianity (Q = QT) and nilpotency (Q? = 0) of

BRST charge require the use of suitable ordering of operators in
constraints:

Q = mnollo—k) + ntL + LT + KnTnPy +
1 1
+t3 |K|2(K + 1) ntyP + > k|Y2(K — 1) TPt +

1 1
T35 k|Y2(K +1) Proty + 5 k|Y2(K = 1) Py'y.

Here we have extended the Fock space by introducing fermionic ghost

“coordinates” 1o, 17, 7 and their canonically conjugated ghost “momenta”
Py, PT, P which obey the anticommutation relations

{n, P} = {Pn*} = {m,Po} =1

and act on the vacuum state as follows [[.Buchbinder, A.Pashnev,
M.Tsulaia, 2001], [K.Alkalaev, M.Grigoriev, I. Tipunin, 2009]

nlo) = Plo) = Pol0) = O.



Lagrangian £ ~ (V|Q|V¥) is formulated in terms of BRST charge Q
acting in Fock space of the vectors

[®) = |) + mPTle1) + 7T PT|p2).

To obtain off-shell Lagrangian formulation, it is necessary to use triplet of
infinite spin fields (ket-vectors) and their conjugate ones (bra-vectors):

[p()) s ler(x))s lpa(x))  and ()], (Pr(X)],  (P2(x)]-

Each of these fields contains infinite number of states, that are obtained
by the action of creation or annihilation operators on the vacuum state.

In standard statement, the BRST equations of motion
Q#) =0
and gauge transformations
[®) = [®) + QIA)

completely determine the field theory. Here, |A) is the Fock space valued
gauge parameter of the form |A) = PT|\), that has a ghost number
equal to —1.



Off-shell Lagrangian formulation of infinite spin field on AdS,

The resulting Lagrangian has the form (up to the multiplier \/—@)
- 1
£ = {6l {(to - le) - |7+ Z 20K — 1) )|
- 1 12 + 1
(@l § L+ 5 V2K = D) ) = (L7 = 2 62K + 1) pa) +Kla)
- 1
— el { (o= o) = |L = 52K + 1) fou)}
This Lagrangian is invariant under the gauge transformations
1
oy = [Lr+ SR =Y, dler) = (Lo— R,

lea) = [L— W2 + D).

The Lagrangian and gauge transformations at x = O turn to Lagrangian and
gauge transformations for infinite spin fields in Minkowski space
[I.Buchbinder, V.Krykhtin, H.Takata, 2018].



Conclusion

We obtained the following results:

@ We present a new particle model that generalizes for curved space-time an
infinite spin particle in flat space. The model is described by commuting
Weyl spinor additional coordinates.

o It is proved that this model is consistent only in an external gravitational
field corresponding to constant curvature spaces.

o A full set of first-class constraints in de Sitter and anti-de Sitter spaces is
obtained.

o Using BRST construction, we have developed the Lagrangian description
of infinite spin field in AdS4 space.

o The Lagrangian is formulated in terms of the operator BRST charge
acting in the Fock space corresponding to the creation and annihilation
operators with two-component spinor indices.

o We construct the BRST charge and derive the Lagrangian and gauge
transformations for infinite spin field theory in AdS,4 space.



Further research

The results obtained can be considered as a basis for further development in
various directions:

o Further study of the obtained field action.

@ Formulation of fermionic infinite spin field theory similar to fermionic
infinite spin field theory in flat space[l.Buchbinder, S.F., A.Isaev,
V.Krykhtin, 2020].

@ Derivation of cubic interaction vertex for infinite spin fields on AdS space
among themselves and for their interactions with massless finite spin
fields. Although some aspects of cubic interactions with infinite spin fields
in flat space are discussed (see e.g., [R.Metsaev, 2017, 2018]), a problem
of their interactions in the AdS space is completely open.

@ Construction of supersymmetric infinite spin filed theory in AdS, space in
a similar way to what was done in [I.Buchbinder, S.F., A.Isaev,
V.Krykhtin, 2020, 2022] for the case of Minkowski space.



Thank you very much for your attention !



