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ABSTRACT

The theory of the electromagnetic field,
specified by the effective action
functional, is considered. The causality
conditions are imposed in the form of a
requirement that the group velocity of
propagation of small soft disturbances
over an external constant field does
not exceed the speed of light in
vacuum. It is shown that these
conditions lead, in particular, to the
conclusion about the positive
Gaussian curvature of the surface,
which is specified in the local limit by
the nonlinear Lagrangian, considered
as a function of two invariants of the
field



where T = EF“”FW = 1(B2 — E?)
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£(z) = L(Fas(2)) depends on invariant combinations of
fields and their z-derivatives
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In the full theory I' = ]4:){?14: is a nonlocal functional of the field

It carries all information about
Interaction beetween electromagnetic fields.

6,5' — () under the condition Fﬂ.g(z):E)&Ag(z)—("j*:ﬁ}lﬂ.[z}
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yields (nonlinear) equations of motion, whereas higher variation derivatives

Its extremum

over vector potentials produce all photon vertices.
In a dynamic theory these objects are subject of calculation

| shall consider the action as a priory given and study
Its properties as these are prescribed by fundamental principles



Local limit of effective action

depends on two field invariants and does not contain their derivatives
£(z) = L(Fu(2) = £(3.9)
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It governs behavior of soft photons with vanishing momenta

Causality demands that they should not propagate faster than c=1 against
- constant
” Fop  field background
Group velocities 7 = r..”io_ 1 =1,2.3
UR;

on mass shells ., = i (k;)

must be modulo less than unity



Under Lorentz boost, group velocity is added with

the velocity V of reference frame following the standard relativistic law
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This allows one to be working in a special frame

A.E. Shabad, Velocity addition and a closed time cycle in Lorentz-noninvariant theories,

Teor. Mat. Fiz. 187, 421 (2016) ( Theor. and Math. Phys. 187, 813 (2016)), arXiv:1511.08785
(2015)



Photon propagation against the constant background
Is determined by the second-rank polarization tensor

T () — 02T
pr (0, 07) = SAM(2)0AT ()| 4, where [' = fﬂ(,:){f14,:

We are communicating the purely geometric result:

Two-dimensional surface, given by the function 7 = £(3,9®)

has a nonnegative Hessian

ST L o

This means that is Gauss curvature is nonnegative.

This surface is tangent to coordinate plane Z=0 In the origin
due to the correspondence principle

£(0,0) = 0, £5(0,0) = £(0.0) = 0
More relations are also obtained for field derivatives of Lagrangian.



Example: Born-Infeld Lagrangian
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Small deviation from external field

Ay(z) = A™ +a,(z),

Fug(2) = 0Ag(z) - 0° Aa(2) Fo = 0P AT —0P A = Const
Linear part of free Maxwell equation
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Local limit. Lagrangian depends on two field invariants
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(”n’rkg B k#k’f) HT(M T H,u'r(k)ﬂ’r (’U =
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(k) = Si,0iA,

A = Eg: Ay = Eg;g_. A3 = ﬁ@@: Ay = ﬂg@
U = urk® = ks
v® = (Fk), (Fk), ¥® = (ﬁf)# (?A-)T,

vy = (Fk), (ﬁ:)T + (f k-)# (FF),

This polarization tensor is subject of diagonalization



An eigenvector is 4-potential of a normal mode

[ bEf”) = X, )@ 0 =1,2.3.4
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Mode number one is a pure gauge: ;SJ =ky xy = 0
au(k) = X3 AW (k)

A (k) = 6k — »a(k)) w(k)



Dispersion equations are

(kP2 kP25, 6% =K, a=1.2.3.

The photon propagator is (a}
I,[LT Z D
D l 1.2.3
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. k2 — s, (k)

Dy Is arbitrary

Eigenvector number one is trivial

= (F*),k* = ku(kF?k) 30 = k€5



Remaining two eigenvetors are looked for in the basis of two
vectors c+-, such that

(cTe™) = (cib(l}) = (cFk) =0, () =1
o B(Fk), + E(Fk),
Cpu = (B2 E2)12(J:2E2 — | F2k)1/?
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where B=\3VF@ 10 =\ 3/ 0



We have guadratic equation for eigenvalues 2 n 3
P — (I~ +IIHH) — ()  + I = 0
wherein C;fﬂﬂgi.’g =11, E.’iﬂﬂgcg =1, Collgges =117

Are linear homogeneous functions of invariants L F2L k2
as long as action is local.

Without loss of generality we restrict ourselves to special reference frame
where
E |B

kF?k = —B*k7] + E*(k; — ky)
Dispersion equation
(k2)° — k2 (I~ 4 IHH) — ()2 4+ T~ = 0
L.-h. side is quadratic homogeneous form of
2 2 2
(k3 — kg) v k1

Quadratic equation for the ratio 5 :g



Dispersion equations in the special frame
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The square trinomial does not contain Kk,

Both dispersion curves are straight lines



Causality conditions 1 > 3 >0
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Slope of dispersion curves (1 —g3)

k3 + k3 (1—5)

Group velocity v, = (3?“ f;f“)
ks Ok

2 2 a\2
Causality conditions Vgr _ ks A’i gl b) <1
0

Dispersion curves : k3




321 —L3) (1 — Lz +Ty) —
Bl(1=Lz)(To+T1)+Toly —T3]+ T —T35 =0
Two conditions for positivity of both roots

)that T',T'; —T'2>0 (product of roots ) is positive

[Ty — 12 = (B - B?)" (L5506 — £36) > O

Positivity of Hessian = Positivity of Gauss curvature

iy that (1 — £5) (T2 +T'1) + T2I't = I'5 >0 (sum of roots is positive
(1-25) [(S55 + Loo) (E? + B?) — 40850+

+(E? - B%)? (£33 L06 — £2) > 0

In Born-Infeld model £xzx 4+ Ly >0, —48Lzs > 0
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It holds:
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