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Introduction

At present, a certain interest is shown in the construction of kinetic description
of the new fundamental state of matter: the quark—gluon plasma that consists of
asymptotically free quarks, antiquarks, and gluons, which is probably formed
during ultrarelativistic heavy ion collisions in the running experimental programs
at relativistic heavy ion colliders in USA (RHIC) and in Europe (LHC, CERN).
Besides ultrarelativistic hot and dense matter requires its understanding in
many problems related to cosmology of the early Universe and astrophysics
of compact stars.

In this work, we enlarge the Hamiltonian analysis of dynamics of fermion
and boson excitations in the hot QCD-medium at the soft momentum scale
carried out in Yu.A. Markov et al. (JETP (2020); Int. Mod. Phys. A (2023)) to
the hard sector of the quark-gluon plasma excitations (Yu.A. Markov et al. Nucl.
Phys. A (2024)). Here, we focus our research on the study of the scattering pro-
cesses of soft boson plasma waves off a hard particle within the real time
formalism based on kinetic equations for soft modes.

For this purpose the classical Hamiltonian formalism for systems with distributed
parametersis used. It has been systematically developed by V.E. Zakharov
(Radiophys. Quantum Electron. (1974)) and presented in detail with many
examples of concrete physical systems in comprehensive reviews and in the
monograph.
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1. Lie-Poisson bracket

Let us consider the gauge field potential Af,(z) in the form of the decompo-
sition into plane waves

a Zl(k) 1/2 a —iwk ik-x * xa _twlt—ik-x
Au(x)—/dk<2w{(> {ei(k)ake Kl Tk —l—eul(k)ak elwil =ik },

where eL(k) is the polarization vector of a longitudinal mode (k is the wave

vector) and w|! is the dispersion relation of the longitudinal mode. We consider
the amplitude af for longitudinal excitations as ordinary (complex) random
function. The expectation value of the product of two bosonic amplitudes is

(aifaf) = N2“5(k - K'), (1)
Where/\/kaa is the number density of the longitudinal plasma waves. The color

indicesa, b, ¢, ...runthroughvalues1,2, ..., N2 —1for color SU(N,) group.
For the case of continuous media, we take the following expression as the defini-
tion of the Lie-Poisson bracket: (N. Linden et al. (1995)):

{F’G}E/dk,{aF §G  OF 6G}+.6F 5G abegye J

dag, dals  dais dal | | 9Qe 0QP
Here, Q% = Q“(t) is the color charge of a hard test particle.




Interaction Hamiltonian of plasmons and a hard particle

The first term is the standard canonical bracket. In the second term f2¢ are
antisymmetric structure constants of the Lie algebra su(N.). The Hamilton
equations for the functions ag, a;® and Q“ have, correspondingly, the form

Oay, O0H oat® 0H

ot = {ak’H}__ da *a’ a;; :—i{a’ﬂ“,H}Ei@, (2)
an . a aoc (& a a
o =—i{Q" H} = aQbf Q°, Q%=1 = Q- (3)

Here, the function H = H©) + H;,,; represents a Hamiltonian for the system of
plasmons and a hard test particle, H© is the Hamiltonian of noninteracting
plasmons:

H(O)z/dk(wf{—v-k)a’f(“aﬂ, J

H;,; is the interaction Hamiltonian of plasmons and the hard color-charged
particle. In the approximation of small amplitudes the interaction Hamiltonian
H;,; can be presented in the form of a formal integro-power series in the
bosonic functions af. and a}* and in the color charge Q“:




Interaction Hamiltonian of plasmons and a hard particle

Hipy =H® + H® 4 J

where the third-order interaction Hamiltonian has the following structure:
HO = [dk[y Q" + diai Q"] 4)
+/dk dk dks {Vk(fﬁi)aﬁz a,’lk(a aii aﬁj ol Vlt,akuil, l‘g all(l a’i;‘:l QT(ZZ } 6(1{ —k; — kg)
1
43 [dcdiadio {2, af ot ot + UL a0l 0l ol + Ko+ K
and, correspondingly, the fourth-order interaction Hamiltonian is
1 * aaia a __a a aala xa _*a a
H(4):§/dkdk1 {Tk7(12 Pagag, Q" + T;E,lfq ag"a " Q 2}+
+z’/dk dky TS ™ aj®a Q2. (5)
We assign to the color charge Q* a degree of nonlinearity of two. The vertex functions

G Vil ie Uy 1%, determine the interaction of a classical color-charged particle
with an external gauge field Af;(x) and the processes of three-plasmon interaction.



2. Canonical transformation

Let us consider the transformation from the normal boson variable aj. and
classical color charge Q“ to the new field variable ¢! and color charge Q:

ag = ag(cg, ¢ty @), Q% =Q%(ey, ¢, Q). (6)

We will demand that the Hamilton equations in terms of the new variables
have the form (2) and (3) with the same Hamiltonian H. Straightforward
but rather cumbersome calculations result in two systems of integral relations.
The first of them has the following form:

/dk’{ saf dath  Saf Saib }+ dal 0ath focd gi_ gavs( k"),

deg, deis ey oeg, | 0Q 9Q°
dal dab Sal dal dal dal /
Kk’ k k" k k'’ g k k' rec'd nd _
/ d {&ﬁ, seis ~ sers det, | Tiogr e ¢ =0 @

dag 5Qb dal (5Qb dal aQb )
/ K - 2 k cc'd ~nd _
/dk {5Cﬁ/ deps Ocyf deg } T 90° O° feefef=0.

The second system is written in a similar way.




Canonical transformation

Let us present the canonical transformations (6) in the form of integro-power series
in normal variable ¢ and in color charge Q“. In this case the first transformation
in (6) up to the terms of the sixth order in ¢ and Q% has the following form:

ay =cy + Fr Q% + /dk1 kl)lflal “ Qe + ng)kalalaz b Q”} (8)
dk: dk V(l aayaz a1 az V(Q)aa1a2 * ay a V(S aaiaz _xaj *as
1ake |V gk, > T Vi ke Cky Cks T Vi ke Cky Cky | T

1 1

1 (2 3)
/dklde [W(k)i?lﬁzaa ay a2 Qa3+W k)il(tlhizas *ay CL2 Qa3+W( ;l(clllizas *a1 *aQQ%}
Similarly, the most common power-series expansion for the transformation (6) up
to the terms of the sixth order is
Qo= 0 + [dia [MEP= ey 0 + Mt i Q] (9

(1) aajazas al a2 as (2)aaiazas *al az as
/dklde Mk ko Q +Mk1,k2 Q
*(1)aarasas *(ll a2 as
+Mk17k2 Q

Substituting the expansions (8) and (9) into a system of the canonicity conditions (7),
we obtain rather nontrivial integral relations connecting various coefficient functions
among themselves.



3. Eliminating “nonessential” Hamiltonian H(®)

Here, we have provided only algebraic relations for the lowest second-order coefficient
functions:

(2)aaraz *(1)azara (B)aaraz _ y,(3)araa
Viekide = 2Vigkk o+ Vickike = Vi kks (10)
M@ 4 ipy fase —, (11)
‘75(1’)1{‘11@1 az ‘7§<11)7i1aa2 . iFkalfaal @ — ), (12)
vg)kalalaz _’_‘7;5’22((11@&2 _’_iFkF]tlfaalag —0. (13)

V.

The next step in constructing the effective theory is the procedure of eliminating
the third-order interaction Hamiltonian H®), Eq. (4), upon switching from the original
bosonic function af and the color charge @ tothe new function cg and color charge
Q% as a result of the canonical transformations.

To eliminate the third-order interaction Hamiltonian H®), we substitute the expan-

sions (8) and (9) into the free-field Hamiltonian H(®) and keep only the terms that
have a degree of nonlinearity of two or three in the new variables ¢, and @*. Then
in the third-order Hamiltonian H®), Eq. (4), we perform the simple replacement of
variables: aff — ¢l and Q* — Q“. We add the expression thus obtained to the expres-
sion that follows from the free-field Hamiltonian H(© and collect similar terms.



Eliminating “nonessential” Hamiltonian H)

From the requirement of excluding third-order terms in the Hamiltonian H(®),
Eq. (4) containing the vertex functions ¢, and ¢}, we obtain an explicit form of
the coefficient function £y in the canonical transformation of the normal variable
ag, Eq.(8), in terms of the vertex function ¢

b
Fie = - wlh—v .k’
k

(14)J

The relation (14) has a meaning due to the absence of linear Landau damping.
Making use of (14), from (11) we immediately find an explicit form of the coefficient
function M |:“*“* entering into the canonical transformation of color charge Q*:

MEee = jfaaa —wfci)l;-k' (15)J

Furthermore, the requirement to exclude third-order termsin the Hamiltonian H(®),
Eq. (4), containing the vertex functions V| *} "3 -and U |, ", , leads to the already

known expressions (Yu. Markov et al. (2020)) for the coefficient functions V1(< li’ e

in the canonical transformation for af.:

aayas
1 k, ki, k
Vli,)kiflli? = _l_l—l_zl d(k —k; — ko),
Wi — Wi, — Wi, (16)
s
3 ) b
Vidha e = = e Gk + ko ko).



4. Effective fourth-order Hamiltonian H®

After eliminating the Hamiltonian H®) we obtain the effective fourth-order
Hamiltonian H4) describing the elastic scattering process of plasmon off a hard
color-charged particle:

HO =i [dladio TL0E G2z Q. )|

Here the complete effective amplitude T ™% can be represented as the sum of

two contributions

Tt = —ilwk — i — v ()] VT IR (19))
where, in turn, the effective amplitude TVIE?)IZ; “2% has the following structure:
T (2)araza 2)aaia
T =T (19)
+fa1a2a q)Tq (bkz +92i Vkl,k2,k1*k2¢x1<<1*k2 . V§21k17k27k1¢k27k1
wk —v-k wi —v-(k; — ko) wi —v-(ka—ky) /)
ko 2 ki —ko 1 2 ko—k; 2 1

The first term on the right-hand side of (18) has the resonance factor
Awy, k, = wllq - wa —v- (k; — ks),

which in fact represents a consequence of the momentum and energy conservation
laws in the scattering process under investigation. In the case of Awy, x, 7# 0 the

problem of determining the coefficient function 171((21) W arises.



Effective fourth-order Hamiltonian H (%)

Figure 1 gives the diagrammatic interpretation of different terms in curly brackets
in the effective amplitude (19).

k4 ks Kk, ky k4 Ky
> > > + = > +
G Gf G G G G

Puc.: The effective amplitude Tli?)ilzaz @ for the elastic scattering process of plasmon off a hard color
particle. The blob stands for HTL resummation and the double line denotes the hard particle

The first two graphs represent the Compton scattering of soft boson excitations off
a hard test particle induced by the first term in curly brackets of the expression (19).
The incoming and outgoing wave lines in fig. 1 correspond to the normal variables
cﬁll and Cii?, respectively, and the horizontal double line between two interaction
vertices corresponds to the “propagator” of the hard particle

1/(&){(1 —V kl)

The interaction vertices correspond to the functions ¢y or ¢, . The remaining
graph is connected with the interaction of hard particle with plasmons through the

three-plasmon vertex function V9! “1  with intermediate “virtual” oscillation to

which the factor 1/(wi, ) — v - (ki —kz)) in (19) corresponds.



Effective fourth-order Hamiltonian H (%)

Note that this factor can also be written in a slightly different form
1

1 7 7
Wi —ky — Wik, T Wi,

)

if the resonance frequency difference Awy, x, is exactly zero. The last expression

represents (up to a multiplier) an approximation of the effective (retarded) gluon

propagator *D,,,,(k) at the plasmon pole w ~ wi.

Finally, the first term Tfl) ot on the right-hand side of (19) must be associated
with the process of direct interaction of two plasmons with a hard particle, as shown

in fig. 2.

G G
Puc.: Direct interaction of two plasmons with a hard particle

In the particular physical system under consideration, such interaction is forbidden,
and therefore we should assume

(2)aayaz

ki, ko 0.



aiaza
ki, ko

The coefficient function V1(< ) (11(1 2% must satisfy the canonicity condition (13):

5. The coefficient function V

7 (2)aayaz S x(2)aazar . raayas ps
Vkl,kz + Vk2,k1 =—if Fk Fk2
2 = (%
or, if we factorize color and momentum dependence V( )aa1a2 = jjeeiez Vk(1 )kQ:

25

(2 2 o o
Vg{l), k2 Vk( ) = _ZFlekQ' (20)J

The last relation can be considered as a functional equation for the coefficient
function Vfl) K, - We can find its solution by writing down the general solution

of the associated homogeneous equation and the particular solution of the
nonhomogeneous one.

Searching for a partial solution in the form o F,_F' , where o is some complex

number and passing then from the coefficient function F,_to the vertex function
¢, by the rule (14), we get from (20)

~(2) B _1’ d)i;ld)kQ
(Vk17k2>inhom_ (Rea 2) (wl V‘kl) (wl V~k2)’

ki — ky

where Re «v is an arbitrary numerical parameter.



(2)araz2a

The coefficient function XN/k k
1, K2

We take the general solution of the homogeneous equation in the following form:

(‘7(2) ) _ A(Q) Vkl,k27k1—k2¢ik€1—k2
N B [ A=Y 2 )

+

V§2,k17k2*k1¢k27k1
b)
(W{Q - wf(l - wllcgfkl) (w{cz—kl — V- (k2 - kl))

where A1(<21),k2i5 an arbitrary function satisfying the condition: A](j),kZ = Al*((fzq

Summing the partial and general solutions and assuming for the sake of definiteness
Rea =0, Afl), K, =0,
we obtain the required function:
~(2) i Py, b,

Vi =73 Gl —v ) (e, v k) &

Vk17k2,k1—k2¢1*<1—k2
(wll{l o wf{z _ wf{l—kz) (wll(l—kz -V (kl - k2))

+ +

k.
Vi ko1 Prey 1y

(wllcz - w{q - wf(z—kl)(wll(g—kl_ v-(ky—ky))

_|_




(2)aai a2

6. The complete effective amplitude T "\

We need to consider in more detail the practical implication of the coefficient

function V@ for the Hamilton formalism under consideration when the
resonance frequency difference

_ !
Awk, k, = Wi, — Wk, — V- (k1 — ko),

is different from zero. We recall for this purpose that the function T1£ 2{‘1“““2

in initial fourth-order interaction Hamiltonian H®), satisfies the requirement of
reality of this Hamiltonian

rjoees - _gpmes @
Let us now consider the effective amplitude T( )alaw , which is defined by
the expression (19). If one does not use the resonance condition

wh, —wk, — v+ (k1 — ko) =0, (23)

2

then it is not difficult to verify that in contrast to (22), we have

T(2 alaga# TkQ’)aQala

ki, ko



The complete effective amplitude ‘.T(l;“)l)’alél a2

Substituting the functions 1781)’ x, and Tvg?b, Eq. (21) and (19), into (18) and
performing simple algebraic transformations, we define an explicit form of the
complete effective amplitude ‘J’k)“k‘zl 92 — faaaz ‘J’fl) 1,» Where

@) @ 1 1 1 .
‘Ikl,k2 Tkl’k2+§(wf(l—V'k1+w{(2—V'k2 ¢k1¢k2 (24)

1 1
_|_
(‘*’fcl—kg —v- (ki —k2) wkl ks w{q + ‘*’fcz

. *
t1 )Vk17k27k1—k2d)k1_k2

wf{z—kl (k2 — kl) ka k, w{(z + wll{l ko dodela e ta |

The presented form of the complete effective amplitude T (?) (24) makes the validity of
the requirement of reality of the Hamiltonian H(*) practically obvious

(2)aaraz * (2)aasay
ki, k2 T Yk kg ’

Thus, the role of the coefficient function ‘71((21) o ? “ is reduced to the total symmetriza-

tion of the effective amplitude T 2) o9 Thisinvolves the fulfillment of the necessary

symmetry condition without any use of the resonance condition (23).



7. Kinetic equation for soft gluon excitations

Now we turn to the construction of a kinetic equation describing the elastic
scattering process of a plasmon off a hard color particle. As the interaction
Hamiltonian we consider the effective Hamiltonian (% (17). The equations

of motion for the bosonic normal variables ¢ and ¢i.%, and the color charge
Q® are defined by the corresponding Hamilton equations (2) and (3). For
soft Bose-excitations we find

0cr @ a40) L @)\ _
5t ——z{ck/,H +H }— (25)

= —i(wh — v K)ef + [ dky TLY et 0

and the corresponding equation for the conjugate boson normal amplitude ¢y *.
For the classical color charge we get

ot _ —i{Q?, HO+HD] = (26)

dt
O(HO +HW)
Y Tor

where the free Hamiltonian #(©) in the term of new variables is of the form

HO :/dk (W —v k) etoeq.

dd'e e __ - pdd'e arazd’ *a1 _as ~e
f Q°=if dkidke TV oo QF,



Kinetic equation for soft gluon excitations

Kinetic equation for the plasmon number density/\/’lfa/are defined by employing
the Hamilton equations (25) and (26), and the definition (1):

aj\/-aa’ ad @@’
S T (MT) " = T (TN HQ) = (@)

7/dk1 |‘Ik,k1|2 X
1 Y aa’ e e Q e aa’ e aa’ e
{m«/\/deNled) (0 >+Z[(NkT T~ (TN, T4) ](gd><g >)
(N TN P @) i (TN (TN (07 29))

 Aw =10
Let us consider the following color decomposition of the matrix function /\/lf“a/:
N = 69N+ (T)*(Q°) Wi (28) |
We define the kinetic equations for the colorless and color parts of the plasmon

number density, i.e. for the scalar functions Nli and Wli

Using the color expansion (28) and the formulae for the traces of the product of
two and three color matrices T'% in the adjoint representation of the Lie algebra
su(N,) (H. Haber (2021)), we find first moment about color for the equation (27):




Kinetic equation for soft gluon excitations

0N
dA at —2N qz( )(Imf]'k k)Wk (29)

ng(t)/dkl [T |*{ (M = ML) — 5 LN (WL - MWL)}

x (2m) 6(wi, — chl —v-(k—ky)).
Here we have introduced the notation for a colorless quadratic combination of the
averaged color charge q2(1) = (Q°)(Q°). The coefficient d4 = N2 — 1 on the
left-hand side of (29) is an invariant for the group SU(N.).
Let us return to the matrix kinetic equation (27). We now contract the left- and

right-hand sides of this equation with the color matrix (7°%)*®. After somewhat
cumbersome calculations of the traces of the product of generators in the adjoint
representation up to fifth order the kinetic equation for 1V, takes the form

0(¢Q*)Wx)
at

/dkl\‘Ikkl 65d6”+ Nd*’“d”A}(Wkl—Wkll)<Qc><Qd><Qe>
x (2m)6(wie — wie, — v - (k— k1))
+ %Nf/dkl Tt |2 NN (Q°) (2) 6(wh — wh, — v+ (k — k1)),

where d?°¢ s totally symmetric structure constants of the Lie algebra su(Ny).

N, = 2N (Im Ty, ) N (Q*) (30)



Equation for the expected value of color charge {Q®)

The kinetic equations obtained (29) and (30) contain the averaged color charge
(Q%) of a hard particle, which itself is an unknown function of time. To determine
the equation to which a given charge obeys, the first step is to average the original
equation (26) and then to use approximate expression for the fourth-order correlation
function. As a result we obtain

d(Q%) 1

—o Tt =S AM(QY), (@)=, = Q8 (31)J

where
A(t) = N2 / dkydks |Tie, 1o, |2 N, N (27) 6(wh, — wh, —v- (ki — ko)) (32)

and Q¢ issome fixed (nonrandom) vector in the internal color space. We are interested
in the time dependence of the colorless quadratic combination

q2(t) = (Q°)(Q°)

as well as the colorless combination of the fourth order

qa(t) = q3(t)as(t), (33)J

where

95 (t) = d***(Q°)(Q°).



Equation for the expected value of color charge {Q®)

From (31), we immediately find the desired time dependence of these combinations
as nonlinear functionals of the colorless part N, of the plasmon number density

t t
C|2(t) zqg(to)exp{ A(T)d’r}, C|4(t) :q4(t0)exp{2 A(T)dT} (34)
t() tO
Thus, the square of the averaged color charge q2(t) of a hard particle is not conserved
in the interaction with the random soft bosonic excitations of a hot gluon plasma.

The solutions (34) allow us to close the kinetic equations (29) and (30) and thereby,
within the approximation employed in this work, to obtain a complete self-consistent
description of the dynamics of soft gluon excitations in the presence of an external
high-energy color-charged particle in the medium.

For the special case N. = 2, when d®%c =0 and, as a consequence q4(tg) = 0, we
have

C|4(t) =0.
In another, more nontrivial special case N. = 3, by virtue of the definition (33) and
the property

dabedcde +dacedbde +dadedbce _ % (5ab§cd + 6@05bd + 6ad5bc)7
we find
’ ! ’ ’ 1 1
aa(to) = d**°d""( QYN QFNQE N Q5') = 5 ((Q8)(28))” = 5 (aa(to))*.



5. System of kinetic equations for soft gluon excitations

We write out once more the kinetic equations for the scalar plasmon number
densities IV} and W}! obtained above

N,
da %tk = 2q>(t) Ne (Im T, 1) Wi — q2(t)NC/dk1 |'Ik,k1|2 x (35)
1
x {(Nli — Ni,) — 5 Ne (WM, — NﬁWlﬁl)} (27) (wh — wk, — v+ (k —ky)),
l
1
aavl/k = — 5 A(t) Wlﬁ + 2 (Im‘J’ka) Nli (36)

1
~ [t [T P {oaa ) (Wil )~ Ne NN, } (2m) Sk, —v-(lc—k),

4

where T x, is amplitude of elastic scattering of plasmon off a hard color-charged
particle; the functions qo(¢) and A(t) are defined, respectively, by the expressions

12(t) = (Q“ )(Q"),
At) = Nf/dkldkg |‘.Tk1,k2|2N,£1 N, (2m)é(wh —wk, —v- (k—k1)), (37)
_ 2 1 qu?) 2 1 q4(to)

TN 4 (@) Neo 4(a2(t0))?
The coefficient p in the last expression is equal to 1 for the color SU (2.) group and 3/4
for the color SU(3.) group.



6. Interaction of infinitely narrow packets

To get some understanding of the behavior of the solution of the system of
kinetic equations (35) and (36), we consider the model problem of the interaction
of two infinitely narrow packets with typical wavevectors k, n k{,. Let us introdu-
ce the scalar plasmon number densities Nli and Wli as follows

Ni(t) = Ni(t)3(k — ko) + Na(t)d(k — ko),

(38)
Wi(t) = Wi (t)d(k — ko) + Wa(t)d(k — kg), J

at that ko #k{. Let us substitute (38) into the left- and right-hand sides of
equations (35) and (36). As a result, we obtain a system of four nonlinear
ordinary differential equations of the first order

d]\c;lt(t) = AW — % 92(8) B (MW2 — N2 W),

dj\;t(t) = Aoy W5 + d% 92(t) B (N1 W2 — NaW1)), (39)
IR _ g - L 4@Ws + BN,

dWs(t)

1
at :A42N2— §A(t)W2—|—BN1N2



Interaction of infinitely narrow packets

Nonzero “matrix elements” A;;, ¢, j=1, ..., 4 are defined by the following expressions:

N,
Az =2 (Im‘J’ko,ko), Az = da q2(t) As1,

N,
Agp =2 (ImTyy xr ), Aza = o q2(t) A4z,
and the coefficient B has the form
2
B = (1/2) Nea(t) [Ty 1| (27) S0, — why — v - (ky — Kb)):

This coefficient is, generally speaking, a generalized function.

Let us simplify the resulting system as much as possible. The matrix elements A;;
in front of the linear terms on the right-hand sides of (39) are proportional to the
imaginary parts Im Tk, i, (v) and ImTy; i/ (v) These factors are actually related
to the collisionless (Landau) damping of soft gluon oscillations and thus must contain
the Dirac delta function which reflects the corresponding conservation laws for energy
and momentum:

dQdy l ’
ImT e, ko (V) ~ / 1 v (Viko) (2m)d(wi, — v ko), J

where wy/ (v; ko) is the probability for the Landau damping process and dQy- is a
differential solid angle. An explicit form of this probability can be obtained by using
the expression for the scattering amplitude found in the work Yu. Markov et al. (2024).



Interaction of infinitely narrow packets

However, as is well known, the linear Landau damping is kinematically forbidden in
hot gluon plasma and therefore, these matrix elements can be set to zero, i.e.,
Az = Ay = Az = Ay = 0.

Next, we consider the termsin the last two equations in (39) containing the function
A(t). By virtue of the definition (37) this function is quadratic in the colorless part of
plasmon number density, and thus, the terms A(#) W, and A(#) W5 in (39) are of the
third order. In constructing the kinetic equations (35) and (36), we limited ourselves
to linear and quadratic contributions of the plasmon number density. For this reason,
within the accepted accuracy, in the last two equations in (39) one should drop the
contributions with the function A(t), and in the first two equations, due to the fact
that the function g3 (¢) depends exponentially on the A(t), the function q2(¢) should
be assumed equal to its initial value, i.e.

92(t) ~ q2(to) = d.
Taking all the above into account, the system of four equations (39) can be reduced
to a system of two equations

aNi(t) = BB[N1(Co — W1) + W1 (Cy — N1)],
i 4
dlt( ) _ BNy(CL - M),

where for the sake of brevity, we have designated 3 = N.q3/d.



Interaction of infinitely narrow packets

The functions Ny(t) and Wa(t) are defined from relations of the form
Ni(t) + Na(t) = Cq, Wi (t) — Wa(t) = Ca, J

where C; and Cy are some constants. Obviously, the system (40) has two statio-
nary points, one of which is trivial: Ny = W7 = 0, and the second one is defined
as Ny = Cy, Wi = Ca.

It will be shown below, that at a certain relation between the constants C; and
Ca we can obtain the exact solution of the system (40). For this purpose, the
first step, due to the autonomy of the right-hand sides, is to reduce this system
to a single equation

dN CQ — W1 Wl
AWy =p ( T M)
or, in a slightly different form, which defines 1/ as a function of Ny

[(2N1 — C1)W; — CaNy] Z?VV % (N2 — C1Ny). (41)J




7. Constructing the exact solution of the equation (41) and the system (40)

Let us rewrite the system (40) and equation (41) in a slightly different form, introdu-
cing the notations generally accepted in the theory of differential equations. We set
y = Wy, 2 = Ny, then instead of the original system (40), we have

dalt) (42)

flt = B[z(Ca—y) +y(C1 — )],

and instead of (41), in turn, we can write down
d 1
or in more standard notations (A.D. Polyanin and V.F. Zaitsev (1995)):
d

[91@)y + 90(@)] 7= = fo(), (44) |

where
1
go(z) = —Cox, g1(z) = 2z — C4, folz) = Bx(x—cl).

In the system (42) we eliminated the parameter B, formally redefining the time
t—t/B.



Constructing the exact solution of the system

Equation (44) belongs to the class of the Abel equations of the second kind.
The first step is to reduce it to the “normal” form. We perform replacement
of the unknown function

w =Y+ go(:v).
91(z)
This transformation reduces the original equation (43) to the form:
wd—w = Fi(z)w + Fo(z), (45)
dx
e (@) @ _1z@-c)
d gol') 0162 fol‘ 1{L‘SL‘—C1
Fi(z) = — = , Fo(x) = == .
1(@) dx (gl(x) (22 —Cq)? o(e) gi(x) B 2x—C
Next, the replacement of the argument of the function

_ _ 1 Gt L1
f—/Fl(x)da:— 22%—617 or 27—261 456102

allows us to bring equation (45) to the canonical form

dw _ Fy(=) CE (1 (}
W =w+ F(§), where F(¢) = Filo) — % (Z — ﬁ) (46) ‘

’




Constructing the exact solution of the system

For the equation (46), at a certain ratio between the parameters C; and Ca,
namely, for

C; =Ci/28
there is an exact solution in the parametric form (Eq.7 in subsection 1.3.1.
of A.D. Polyanin and V.F. Zaitsev (1995)):

{z%(r—ln]l—l—r!—(])l/?,

1+7

1 _
w=a (T—ln|1—|—7"—0)1/2—§T(T—ln|1+7|—0) 1/2,
where T is a parameter, C'is an arbitrary constant and a? = C2/4 3. Returning
to the original function y and to its argument x, we determine the exact solu-
tion for the equation (43):

1 1 T
x:x(T70)2561_561C2m’ (47)
1 1 C
et =

Here, we introduce the notation f(7) = (7 — In |1+ 7| — 0)1/2.



Constructing the exact solution of the system

The solution of the initial dynamical system (42) is determined by the formulae
x=uz(r,C), y=y(r,C),
o 1/ TrdT

B [C1—2x(7,O)]y(r,C) + Caz(7, O)

Here &, = da(r,C)/dr, and C is another arbitrary constant. The latter relation

defines the implicit dependence of parameter 7 ontime ¢t: 7 = 7(t, C, 5’) Using
the formulae (47), we can find the dependence of x and y and, in this way,
the original functions N7 and W7 on time t.

+C. (48)

Substituting the exact solutions (47) in the expression (48) after some cumber-
some algebraic transformations, we finally find the desired time parameterization

c2) A+1)f(r)

Recall that f(7) = (T—ln\l+7’|—0’)1/2. Unfortunately, this indefinite integral
is not calculated explicitly.

t=t(r,C,C) = 2a/(1d—7+5. (49)J




8. Lambert W -function. Time parameterization

Theonly thing that can be done here is to reduce the integral of transcendental function
in (49) to theintegral of the so-called Lambert TW-function (R.M. Corless et al., 1996)
that has been well studied. For this purpose, let us replace the integration variable

In|l+4+7|=¢,

which gives

/ dr :/ d¢ (50)
(1+7)(r—Inj147]—C)" [£e¢ —¢— (1+0)]"*
where on the right-hand side in the integrand we have
+e€, form > —1,
{ —e¢, fort < —1.

Let us again perform the replacement of the integration variable
et —(—(1+C) =\ (51) |

The solution of this expression with respect to the new variable A can be represented in
the following form:

(=C(N) = A= (1+0) - W(Fe D), J

where W (x) is the Lambert W-function (solution to the equation We"V' = x).




Lambert W -function. Time parameterization

Further, by using the rule of differentiation for this function (R.M. Corless et al.,
1996, 1997), we find

—(14C) o2
WiFeme) = ! d).

4= A T W Fe 0o ) 1 = T T W (e @06 )

Substituting the replacement of the variable (51) and the differential d¢ into (50),
we find, instead of the last integral in (50),

- / dX
N[+ W (Fe (0]

or, eventually, after a trivial replacement & = \1/2

=100 = & [ e * O 6= 50, (52)J

Fe(

where we choose plus sign if 7 > —1 and minus sign, if 7 < —1.

However, such an integral cannot be calculated directly either. The difficulty
is that the Lambert TW-function depends on the variable £ as the function S



Lambert W -function. Time parameterization

Here, we can use the particular integral representation for the Lambert W -func-
tion given in G.A. Kalugin et al. (2011). In our case it will look as follows
™

/ ds _ 1/@/ dé (53)
1+ W (Fe1+De¢)  x 1 Fe-(1+C)e—¢?gucotvgingy /o
0

Further we present the integrand as a series expansion

oo . 14
L =1+ Z(il)"e_”(l+c)e_”52 {e”m“’ va} :

1 F e (+C) e=¢2gucotvging fy = c
Let us write the integral over £ through the Gauss error function
£
/ e vEag = 1 \/E erf(v/€),
) 2 Vv

v

and for the integration over v we use Corollary 3.4. from G.A. Kalugin et al. (2011)

™
sin v 1974
/{evcotv } d’l)—
vl
0




Lambert W -function. Time parameterization

As a result, for the integral (53) we find a representation in the form of a series

dg
/1+W(q:e(1+0) =€) Z ,,1\[ B ) erf(Vv€).

v=1
Substituting this representation into (52) and returning to the original variable
7 (wesimply replace £ with f(7)), we find the following representation for the
time parameterization (49):

t(r,C,C) = i‘;{ i

Here, we recall that under the sum sign we choose (+1)” =1, if 7 > —1,
and (—1)%,if 7 < —1.

Perhaps this representation is more convenient for approximate expressions
of time t as a function of the parameter 7, using, for example, several first
terms of the series or, vice versa, using asymptotic approximation at v — oo
for the terms of this series.

(e= 1+O)¥ erf(\/;f(T))} + éJ




Conclusion

In this work, a generalization of the Lie-Poisson bracket for the case of a composite
system — a continuous medium described by a bosonic normal field variable a{
and hard test particle with a non-Abelian charge Q¢ is performed and the correspon-
ding Hamilton equations are presented. The canonical transformations for the boso-
nic normal variable and for the color charge of a hard test particle are constructed
in an explicit form.

A complete system of the canonicity conditions for these transformations is derived and

the important notion of the plasmon number density Nkaa , which is a nontrivial
matrix in the color space, isintroduced. An explicit form of the effective fourth-order
Hamiltonian describing the elastic scattering of plasmon off a hard color particle, is

found. The matrix kinetic equation for the function NV, is obtained.

A color decomposition of the matrix function NV, is proposed and the first moment
with respect to color of the matrix kinetic equation is calculated that defines the
scalar equation for the colorless part N}, of this decomposition.

The second color moment from the matrix equation defining the scalar kinetic

equation for the color part Wy of the decomposition of the matrix function N}/ “,

is determined. The equation of motion for the mean value of color charge (Q“(t))
is obtained. This allowed the description of the system to be completely closed.
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