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Introduction 1

Entanglement is a pure quantum property which is associated with quantum
non-separability of parts of a composite system. Different views on what is
actually happening in the process of quantum entanglement may be related
to different interpretations of quantum mechanics and QFT. Entangled
states are considered as key elements in quantum information theory in
quantum computations and quantum cryptography technologies. See e.g.
J.S. Bell, Speakable and unspeakable in QM, Quantum theory-Collected
works (Cambridge 1987); Nielsen, Chuang, Quantum computation and
quantum information (2000); Witten, Notes on some entanglement
properties of QFT, RMP 90 (2018);

I C.I. Doronin, Quantum Magic (Ves. 2007).

We recall that maximally defined states in QT (pure states, PS) are
described by vectors [ip) in a Hilbert space H, |¢) € H, or by a statistical
operator p, which is in this case the projector p = Py = [p) (1p|. In canonical
interpretation of QM any pure state can be prepared as an ensemble of
identical copies defined by certain external conditions.
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In general case external conditions do not define all the copials maximal
exactly. In this case we speak of a mixed state (MS). A MS is described by
statistical operator p, which in a simplest case reads:

p=Y APy Py =19,)(p,l (A =trAp =Y Au(p,|Alp,).

MS are interpreted as a mixture with the weight A, of many maximally
defined copies that correspond to pure states Islpn. On the other hand, in
connection with discussions started by Einstein and others about the
completeness of QM description of reality (the EPR paradox, hidden variables
in QM, Bell's inequalities, and the possibility of considering QM as a global
theory), it turned out to be useful to consider and study the so-called
entangled states (ES) a definition of ES is given just below. Technically,
such states often arise when considering so-called composite systems,
which in their classical treatment consist of several parts.



We recall that a qubit is a two-level quantum-mechanical system with state
vectors (two columns)

W= () er=c W ip = v v

An orthogonal basis |a), a= 0,1 in H can be chosen as:

(old) =6 Tl tal =1=( 5 7).

a=0,1

A photon with two possible linear polarizations is an example of qubit.
Besides, two levels can be taken as spin up and spin down of an electron.



Two-qubit systems

Consider a composit system, a two-qubit, composed of two qubits A and B
with the Hilbert space Hag = Ha ® Hpg, where H,4,p = C?. Two-qubit is
a four level system. If |a) 4 and |b)g, a,b =0, 1, are orthonormal bases in
Ha and Hp respectively, then |ab) = |a) ® |b) is a complete and
orthonormalized basis in H 45,

a1 by
a1 bs
ax by
ax by

jab) =

The so-called computational basis |@)_, s = 1,2, 3, 4, reads:
@), =100)=(1 00 0)",|®,=l01)=(0 10 0)",
©);=10)=(0 01 0) ,[@®,=11)=(00 0 1)".

Two photons moving in the same direction with different frequencies and any
of two possible linear polarizations is an important example of a two-qubit
cvestem
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A PS |¥) o5 € Hag is called separable iff it can be represented as:

) ag =1¥)a®@[¥)g |¥)a € Ha, |¥)g € Hp. Otherwise, it is
entangled- ES. The first discovery within quantum information theory, which
involves entanglement states, is due to Ekert (1991). He paid attention on
the existence of a highly correlated state |¢)p,; = % (|0) 1) — |1) |0))-Bell
state, and on the fact that Bell inequalities are violated by this state.

An entanglement measure (EM) M (|Y) ,5) of a state |¥) 45 is real and
positive. The EM is zero for separable states, and is 1 for maximally ES. The
information EM reads:

M([¥)a8) =S (Pa) =S (Pg) » S(Pasp) = —tr (Pa/sl08Pa/5) -
Pa=trepag =) (blpaglb), Pg=trapag =) (alpasla) .
b

a

where S (p) = —tr (plogp) is von Neumann entropy of p. One can see that
5(pa) =S (0g)-
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For PS |¥) 5 = Yi_; vs |®),, where |®), is computational basis,
©); =100)=(1 00 0)",|®,=[01=(0100)",
@), =110)=(0 0 1 0)",]|@,=11)=(0 00 1),
we obtain the corresponding density operator:

Pag = aB|¥) (Y| ag = [v1]00) +v2 |01) + v3 |10) + v4 [11)]
X [v1(00| + v5(01| + v3(10| 4 vy (11]].

The reduced density operator of the subsystem A can be easily obtained:
Pa= 8(0Pag[0)g + &(1lPag[1)g
= [v1]*10) (O] +v1v5 |0) (1] + Jv2]* 0) (O] + v2v5 |0) (1
+ 0307 [1) (0] + |vs|? [1) (1] + vav3 [1) (O] + [val? 1) (1] -
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The corresponding density matrix reads:

A A

o = 101> + |02 03 = 0105 + vav}
A k % A

Pgl) = U3V] + U4Vy, Péz) = |U3|2 + |U4|2-

One can calculate its eigenvalues and eigenvectors,

) 1
PP =Py, i, = 5 (Jo1|? + |v2]? + 03 + [va]? + (—1)y)

y =/ ([01]2 + 022 — [0al? = [v3]2)? + 4 |o105 + 3057,

;
p_ (o1 + o2l —oa]? — [ + (=1)°y |
: 2 (v3U} + v4V3) ' '
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Thus,

M([¥)a5) = — Y H.logap,
a=1,2

(1+y).

N -

=~ [zlogyz+ (1~ 2)logy (1~ 2)], 2=

Let us consider EM of the Bell state |¢) g,

1
’¢>Bell = % (|@>2 - |@>3), U1 = Uy = 0, Uy = —U3 =

y =/l02> =[vs3]? =0, z=1/2= M ([)py) = 1,

therefore, |{) s, is really a maximally ES. If |)g,, can be prepared
experimentally, this is one of the way to proof of the violation of Bell's
inequalities.

sl-



Setting of the problem

Consider photons with two different momenta ks = x;n, s = 1,2
(frequencies w = kc), moving in the same direction n = (0,0, 1) and
interacting with quantized charged scalar particles-electrons placed in a
constant magnetic field B = Bn, potentials of which in the Landau gauge
are: Aexi(r) = (—BX2, 0, 0). Photons with each moment may have two
possible linear polarizations A = 1,2. In the beginning, we consider electron
subsystem consisting of one charged particle. Both quantized fields
(electromagnetic and the KG one) are placed in a box of the volume V = [3
and periodic conditions are supposed. For such a model we find some exact
solutions. We interpret p = V1 as the electron density, in supposition that
the model describes the photon beam interacting with many free spinless
charged particles, the totality of which we call electron medium. We show
that in a certain approximation, solutions of the model correspond to two
independent subsystems, one of which is a g-electron medium and another
one is a set of some g-photons. We use these solutions for calculating
entanglement of photon beam by electron medium and by constant magnetic
field <see Breev Gitman FP IC 2024
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divA(r) = 0, in fact, they depend only on z,

A= T 5y

sicio V 2KV

(3o, 300] =0, (30,88 o] = 0swbyp 55 =120 AN =1,2.(1)

(350 exp (ixs2) + 31y exp (—iksz)| s = A(2)

Here 35 ) and 3’:,)\ are creation and annihilation operators of the f-photons
from the beam, e, are real polarization vectors, (e e,s) =J, ,/, (ne,) = 0.
The photon Fock space §)., is constructed by the creation and annihilation
operators and by the vacuum vector |0),,, ;1 |0)., = 0, Vs, A. Photon
vectors are denoted as |‘I’>7 |"I’>7 € $. The Hamiltonian of f-photon beam
reads:

I:ly = Z Z KSQ;AQS,A, Ks = Kods, ko = 2mL7™Y, ds € N . (2)
s=1,2 A=1,2



QED model 2

Electrons are described by a scalar field ¢ (x), x = (x*) = (t,r), interacting
with the external constant magnetic field Ad, = 0, Aext(r) = (—Bx2,0,0).
After canonical quantization, the scalar field and its canonical momentum
71(r) become operators @(r) and 7t(r). The corresponding Heisenberg
operators {(x) and 7t(x), satisfy the equal-time nonzero commutation
relations [@(x), 71(x")]s=¢ = i6(r — ¥'). These operators act in the electron
Fock space $)e constructed by a set of creation and annihilation operators of
the scalar particles and by a corresponding vacuum vector |0),. Electron
vectors are denoted as |¥),, [¥), C $He. The Fock space §) of the complete
system is §) = ), ® He. Vectors from § are denoted by |¥), |¥) € $. The
Hamiltonian of the complete system has the following form:

= [ {7t + 9" 1) [P0 + w2 o (0)} dr 4 A,
P(r) =p+e[A(z) +Awi(n)] p=—i7, e>0,

see S.P.Gavrilov, D.M. Gitman, Sov. Phys. Journ. 23 (1980) 491.
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The quantity @(x) = ¢ (0] @(r) [¥ (t)) is on the one side the projection of a
vector | (t)) onto a one-electron state, on the other side is a vector in $).;
this amplitude-vector is denoted then by AV. Many-electron or -positron
amplitudes describe photons interacting with many charged particles. We
neglect such amplitudes in the accepted further approximation. In such an
approximation, AV ®(x) = U, (t) ¢(x), Uy (t) = exp (iH,t), satisfies
KG-like equation:

[Py PP — m?] ®(x) =0, PF = id" + e [A(u) + Ay ()],
A”(u) = (o,A<u)), u=t—z A(u)=U, (t)A(z)U 1 (1)

v

= Z ) {asAexp (—ixsu) + a5 exp (iicsu)} e,
€ s=T2A=1,2

where ¢ = ap, & = €2/ hc = 1/137, and p is density of electron media. The
quantity € characterizes the strength of the interaction between charged

particles and the photon beam. We suppose that both € and a are small, this
cennnosittion definec the above mentioned anproxima3tion



Solutions of the model 1

Here, we have three commuting integrals of motion (IM): G, = id, + n, A,
1 =013, n* = (1,n); the operator Gy can be interpreted as the total
energy, G1 3 as momentum operators in x!, z directions. Recall that T is IM
if its mean value

:/4)* (x) (,”a_o’—zer) 1o (x)dr, 9 = 9 — 9 ,

with respect to any ¢ satisfying KGE is time-independent. If 7is IM, then
[7, I:"V.E’P‘ — m2] =0. If T is IM, then, apart from satisfying the KGE, the

wave function could be choose as an eigenfunction of 1. Then we look for
®(x) that are also eigenvectors for IMs,

N

[P.PF — m?] ®(x) =0, G,D(x) = g,P(x), u=0,1,3. (3)



Solutions of the model 2

It follows from Egs. (3) that

(PP = m?] @(x) = 5oy (1) — (&0 — £)/2J(x),

Hy (u) = A, + 2(nlg) { [eBx* — g! — eAl (u)]

+ [i07 — eA? (u)]2 + m2} .

2

Thus, Ay (u) is IM. A solutions of Egs. (3) has the form:

(x) = exp [—i(got + g1x +£52)] Uy () x(62),
Fr(0x () = EEX0), Fy (0) = Uy () A (0) 0y (u). (4)
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In order to solve the latter equation, we pass to a description of electron
motion in magnetic field in an adequate Fock space (Malkin, Man'ko 1968),

0= @)V (g+2,) 20,38 = 1
B= ()2 (1-2,). (B) = (BR—g) . (5)

These operators commute with all the photon operators a;r’)L and 3 ,,

s =1,2, A =1,2. We denote the totality of f-photon and g-electron
creation and annihilation operators as a;r’)\ and 34, s =0,1,2, where

ég,)\ = 335/\,1 and 90,/\ = 2)05)\'1.

I:IX (0) is quadratic in terms of a' , and 3, and can be diagonalized with the
help of a linear canonical transformation

a=ue—ve', ' =" -t (e ] =650, 0,

where A,A'=1,2, 5,5 =0,1,2.
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Fge (0) = T0&§e0 + fo, €51 0)gon =0, &10) e =0, (6)

where functions f1 5 (T, %, v, €), matrices u,v are found analytically, and 74 1

are positive roots of equation

-1 A—1
(T>cv, w=eB(ng)!, k=012 (7)
k,A

€ 14

2 _ .2
s=1,2 Tk,A — Ks

satisfying conditions Tg y» = Todx1, To(€ = 0) = w, Ty (€ =0) = Ki.
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IM A, (u)
Hgpn(u) an

(u) A, (0) O, (u)~! is the sum of two commuting IMs

(u),

Hy(u) = I:quh(u) + Age(u), [Haph (1), Hae(u)] =0,
{quh(“)' 'I:Iqe(”>} = U“r (u) {quh(o)' /:Iqe(())} v (U)_l .

In a sence, I:quh(u) corresponds to g-photons, while I:Iqe(u) to g-electrons.

A

Commuting operators P, = id, — ny [Hgpn (u) — A,], 4 =0,1,2, are also
IMs. We choose AV ®(x) to be eigenvectors for all these IM,

0,
Hge

Q|

~

Aaph (1) ®(x) = Egpn®(x), Age(u)®(x) = Ege®(x), Pu®(x) = pu®(x)

Hy(u)®(x) = E®(x), E = Egpn + Eqe = A, (0)x(x*) = Ex(x%).

Equations for ®(x) are consistent if
8 = po + Eqph, &1 = p1. 83 = p3 — Eqpn, which implies ng = np.
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Finally we have
P(x) = [Pgph) ® [Pge)

where

(ef )™
S,

o)
~+\ No
C
@) = o0 {1 (ot + puxt +p52)} B0,

Eqph: 212 Z TS,ANS,A+ﬂy qu:TONO‘f’va NelN.
s=1,2 =12

|0>qph '




Entanglement of photons

Consider ]Cquh()\l, /\2)> describing two g-photons, with different frequencies
and with polarizations A1, Ay,

| Pgpn(A1,A2)) = & 1,8, 10) qph (8)

For small € and Ak = [k2 — K1 > 1, we have |0}, = ’0>7 + O(V/¢). We
believe that corresponding f-photon nonentangled beam after passing
through the macro region, is deformed to this form, and there exists an
analyzer detecting a two-photon state for measuring its entanglement In
terms of computational basis [t1) = a ;a5 [0), |02) = af; a3, |0),

[83) = ay,a3, |0), [84) = a] 137, |0), two-photon state ‘qDPh(Al A2)),
contained in (8) reads:

4 4 —1/2
o A2)) = DY 0y 18, D= (Zlv;|2> |
j=1 i=1

U1 = w1l +up1liny, U4 =01,

Uy = u11lpp + ol 1, U3 = —Up.



EM of photons with anti-parallel polarizations 1

Further, we calculate EM M(‘d)ph()\l,)\z))) = M(A1, Ap) for Ay # Ay in
e*-order (in this order for A, = A it is equal to zero),

M(A1,Ap) = —[zlogoz+ (1 —2z)logy(1—2)], z=(1+y) /2,

y = (012 + [02]2 — [0al? = [v3[2)? + 4 |0105 + 005

For p3 = 0 and up to ¢*-order, y = 1 — Be*,

M(A1, Ap) = —2B¢e* logy & + % <1 —1In ﬁ) e*,

| 2
_ (Po/Ax)*
P St COMil oo + (1wl ©)

where wqo = eB [2eB (Ng + 1/2) + m?] e
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The quantity y is singular, if

wn — K1, if/\lzl, /\2:2
07\ xy if Ay =2, Ap=1

The corresponding to such wy strengths of magnetic field B, are called
resonant ones. There exist two resonant values, B = B; at wg = «1 for
A1 =1and B= By at wg = xp for A; = 2:

K
B = —\/(No+1/2)22+m?+ (No+1/2)53 ,
e

K
B, = ?2 (No +1/2)%k2 + m? + (No +1/2) 3 .



EM of photons with anti-parallel polarizations 3

One can find that when resonant values are reached, entanglement manifests
itself already in €3 order. For B = By:

1 k)
y=1-0&+0(E) & = git o) <631> |

)
M(Aq, Ap) = —§(518 log, € + 2|5 5 <1 In 21> e+ 0(eh)

whereas for B = B», we obtain:

1 CRY
y=1-056&+0(), o 4(AK)* (k1 + K2)2 <e’32> '

02 02\ 3 4
2|n2<1 In2)s + O(e") .

M(A1, Ag) =




Numerical calculations 1

We consider all electrons located on zero Landau level Ny = 0 and photons
with polarization A; =2 and A, = 1. It follows from Egs. (9) that

(Po/Ax)* eB

, Wy = —F/— .
8 (wo + k1)? (wo — K2)? V/]eB| + m?

One can see that at wg > 0 resonant entanglement is related to frequency
of the second photon. At wgy < 0 the resonant entanglement will be related
to frequency of first photon.

Furter, we consider the case wg > 0, where the resonant value of the
magnetic field is B;.
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M2.1)

0.10

0.08 — v, =965 nm; B, =2.34 A/m
— Vv, =947 nm; B, = 2.39 A/m
— Vp =922 nm; By =2.45A/m
0.04 — v2 =899 nm; B; =251A/m
— Vvp =855 nm; B; = 2.64 A/m

0.06

B(A/m)
5

Figure: Fig. 1. The entanglement measure as a function of the magnetic field.
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Fig. 1, shows the M(2,1) as a function of B at fixed v; = 10® nm, and
different second photon frequencies v,. The electron density is

o = 10"el m 3. The M(2,1) increases with increasing B < B,. At B =B,
has a jump. At B > B, the is a smooth decrease in the M(2,1). The
M(2,1) decreases as the difference in photon frequencies increases.
Considering entanglement at B = 0, one can see that it is the same for

A1 =1, Ay =2and A; =2, Ap = 1. The presence of the magnetic field
removes this degeneracy. Increasing B increases entanglement. The resonant
value of B increases with increasing frequency of the second photon. But
resonant values are not large, for example, for photons with frequencies v,
corresponding to ultraviolet range 380 nm — 10 nm, resonant values range
from 6 A/m to 225 A/m.
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M(2,1)

— Vv, =965 nm
v, = 947 nm
Vo = 922 nm
— Vv = 899 nm
— v = 855 nm

11,3
2 4 6 g f10 e

Figure: Fig 2. The entanglement measure M (2,1) as a function of the electron
medium density.
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On Fig. 2, The M (2,1) is calculated as a function of € (in fact of p ) for
vy = 103 nm, different v» and for B = 2 A/m which is less than
corresponding resonant values. The M (2, 1) increases with increasing e.
e=ap, p=137-10"x . x=6 = p~8-103m3.

Magnetic field in CGS in Oersteds. Amperes/meter (A/m) in CI.
Oersted=1000/(477)(A/m).



Some final remarks

In our calculations the entanglement measure does not exceed 0, 1. However,
such a magnitude of the entanglement is usual in laboratory experiments, for
example, similar magnitudes appear when an entangled biphoton state is
scattered inside an optical cavity, see Refs. H. Piryatinski et al,
J.Chem.Phys.150(18) (2019); R. Malatesta et al. (2023). arXiv:2309.04751.
We stress that performed numerical calculations are intended to illustrate the
existence of a possible resonant entanglement within the framework of
chosen model and approximations made. On the other hand, if our
consideration motivates possible experiments to detect the effect of the
resonant entanglement then there may be an incentive to refine the
corresponding model, under weaker restrictions on the density of electron
medium and photon frequencies.



The end



