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Plan of the talk

© BCS inspired Vaks-Larkin and Nambu-Jona-Lasinio model

@ Instanton induced effective Lagrangian and 't Hooft determinant
© Hubbard-Stratonovich three-flavor Bosonization

@ Simularity to infinite range Ising model

1-2 — a quick reminder

3 — a possibly new approach

4 — a promising analogy

Boris Kerbikov Path Integral Bosonization ... 2/15



(1) BCS inspired effective quark model

From 1961 to nowadays

Vaks-Larkin, XK3T®, 40, 282 (1961)

subm. July 1960 — publ. Jan. 1961
Nambu-Jona-Lasinio, Phys. Rev. 122, 345 (1961)
subm. Oct. 1960 — publ. Apr 1961 > 8000 ref-s...

1961

1- 1 - -
Vili 2= —S0pY+ o) [(iw%w)z + (W)z}
N-J-Li Z = 0+ go (D) — (50)]

We shall follow commonly accepted abbreviation .Zy; keeping Vaks-Larkin in mind.
Both V-L and NJL explicitly start from BCS.
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(1a) The canonical form of N =1 NJL

- - - 2
DL = Gindq + g [(qq)2 +(Gisq)

[g] = 1/m?, point-like non renormalizable interaction
+ before s is our sign convention:

1 .
Un(1) ® Ur(1): 5 (1+95) g =qL — " q

1 .
51 —7)g=qg — e’

5 qr

m¥*~ A(BCS)

U\/(l) inv 6L = HR =«
UA(l) inv 9L = —9R = ﬁ

No confinement. Gap equation — see Fig.

d*p 1
* = B —— — * O.
m' =g @r)s vp—m g§>8—m #
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(1b) BCS inspired Lagrangians

L =qiv-09+g [(C_IQ)Q + (C_Iil'757—"q)2}
SUL(2) ® SUR(2)

8
Ly =§iv-09+q) {(EI/\aq)2 + (C_I"75>\aq)2}

a=0
2 2
X=1/—1=14/=1
OV Ny \/;

SU(3)color & SU(3)L ® 5U(3)R ® U(].)V ® U(].)A

Effective Lagrangian in N, > 1 limit of QCD
Ua(1) breaking term is needed
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(1c) Nf =3 Anomaly term
Lget ~ Lumt ~ Ly — Gldet; jGi (14 75) g+ h.c.] 6-fermion
[G] =1/m® VS [g] = 1/m?

Kobayashi, Maskawa 1970

%{(\ /?JUQ ‘t Hooft 1976

B Shifman, Vainshtein, Zakharov 1980
%L. aE

Nf =2 —detgi(1+)q =

93 I = 4[(Gurqut) (GarqdL) — (Gurqdr) (GdrquL)]

1 _ . L _
Ne =2~ Gldet(..) + h.c.]= 3G |(@q) + (@s7a)’ — (479)° — (d159)”

resembles NJL but not Ua(1)
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(2) Instanton Induced Effective Lagrangian Nf = 3

(a brief reminder of Dmitri Diakonov approach)

QOabﬁzy(X _ Z)V

(x = 2)?[(x = 2)* + p?]

AL(x) =
(O — orientation, z — centre, p — size)

6q vertex, Zur ~ (GOpo) (00q), where o and @g are

zero modes

+ — -
(I—T) ensemble A, = > A+ A, +( B background )

ST = F o

RO

Boris Kerbikov
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(2a) Partition function corresponding to the Green's

function in the field of instantons

7= /D¢D1/)+ exp{/d4u [ P + g+ det T (u) + g detJ—(U)]}

() = [ e 7 (el (F572 ) e (1 1)
po(u) = =——L =l
T (u2 + p2)*2 Vi

six-quark interaction — [ exp(det J) — [ d€exp (a&3 + b2 + ef)
It is non gaussian integral. Bosonization is needed!
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(3) Bosonization-Hubbard-Stratonovich Transformation

/ DqDge?9 = det A = exp(TrIn A), / DqDgeld9)" =7 (n > 1)

Example of bosonization: [ DgDgexp { [ §(i&)q — g?(qq)*} =

_ / DGDDMS(M — g(dq)) expf...} =
_ /DqDD/\/IDLexp {/ g(iB)q — M?> —iL(M — g(c'zq))} -
= /DMexp (—=M? — iLM) /Dch‘/exp {/c‘i(iﬂ)qugc‘i(iL)q} —

exp(—L2/4)

_ /DLexp {—L: +Trin(il + igL)}

M, L — auxiliary bosonic fields: o, m-mesons, Cooper pairs
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(3a) Bosonization
Ns =2, NIJL: Z= /’Dc‘;quxp{/c'](i'y@)q—i—g [(c']q)2 + (C_Ii%%‘qy}} =

= /DJDfr’exp {/d4x {Trln (i70 — (o + iT7Ys)) + % (0% + 7T2):| }
CSB: — () #£0, 7=0

0S

=0=o0+gTr
So

g
92 g0z 0 gapedn

T <p5> IE’-
g
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(3b) Bosonization of the 't Hooft determinant
N¢ = 2 nearly trivial, N = 3 intricate
det T, — % (r 7?7 g2], 7 = (-i7), a=0,1,2,3

1 1
ji—ZT ck, 1237 5 Tr(m°J+), COI—ETF(Toji)

3

= det Jy = — Z (ca:t)2 . Auxiliary fields ¢£, a=0~3
a=0

§a = ¢ (the same for &)
Z= N/Dwmﬁ H (€2 — gCl)exp {/ dx [¢tigdy + gdet J| }

=N / DYDYt [[ D [ [ PLaexp { / dx [pTin0y + gdet T + L, (€2 — gCo)] }
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(3c) N = 2 det again

DYDYt — Z, = | DYDY expli [ dx [0 — glaca
P

3

1
a>0: L,G= EZLQZ(Ta)fgwg(l-F’YS)?/Jf

a=0: LG = fLoZd)f +75) 0

with (1 — ~s) included, integrating DETDE™ and collecting the pieces together

1 -
Z_N/HDLaDRaexp{/dx {Trln (i»yaJrng( J;’Ys) (L0+?L)+
a

1— _
+g- ( 275) (Ro +%’R> + g, L2 +gR§} }, compare to o, 7 NJL

Diakonov & Petrov, Simonov and other authors
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(3d) Nf = 3 det Non Gaussian Airy's Integral

A note on literature: Reinhardt and Alkofer 1988,
Klimtetal, Osipov and coauthors (several works),
Simonov and B.K. 1995 (preprint)

Discussion on SPA (R & A, S & BK) — see Osipov and coauthors
Volkov, Ebert, ... SPA - leading term of Coleman & Weinberg?

Nr = 3det J+ = %(Trjif - % (TrJe) (TrJ2) + %Trji

. 1., R 1
ji*;o:/\ CE Cho= =5Trx ji,/\(]:l,Coi::g/\oji
305 _iw 1<
+ + aybyd + ~+ ~+
det Je = (G)* = 3G ;1: ga;d:: Tr ()\ PN ) odode

8
Integration Dy ™Dy~ = Z, = / DY Dy [[ Do (07 — CF) —

a=0

— Dy Dy [[Doi [[DM;" exp {i/dx M7 (o7 — i) ++M; (07 — c;)]}

L= é/\/]+ =1\, R= é/\/l’ = R,\* — 18 bosonie fields
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(3e) Nf = 3 SPA and Airy Integral

SPA - stationary phase approach

Z= N/HDUJDJ;DLaDRQZM

8 8
< exp { [ [gli <%¢3 Sy el 3w () afabig;> "
a=1

abd=1
+3° (iLof + iRaﬂét)] }
Z, = /Hma exp {S(0.)} = 0a = f (Ls, R)

Saddle point method (steepest descent) (SPA)
Nf =2 — exact Gaussian = SPA, (o) #0, (7 =0)
0S _,2 5% ,
(50’0 Oqg — 5 Z Ig Lo = 0

95 —50002+ = Z (/\ A )\d) obog +igls =0

5Ua>0
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(3f) SCSB and Ising Model Analogy

SCSB - spontaneous and chiral symmetry breaking
Ne=2: (o) #0,(7) =0
Ne=3: 00#0,0,=0,a=1,2,...,8

:ZJ:/DUexp{/dX(QLU—ZTZ>} (g =ix)—

— Airy integral — steepest descent —
— Z, = exp {—g\/zz/dx L3/2(x)}

Infinite Range Ising Model H = — %, >2ijsisi— B si (si==+1)

Z = Z e " s Hubbard — Stratonovich —

spins

— /d,u exp {(/BJ)# — %(6J)3,u3}, where p is auxiliary field
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