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Motivation and introduction. I

Scalar field theory model in d = 3 + 1

S[ϕ] =

∫
d4x

[
1

2
(∂µϕ)2 − m2

2
ϕ2 − λ

4
ϕ4

]
, λ� 1

Multiparticle production at threshold

A1→n = 〈n, p = 0 |T
(
Ŝϕ̂(0)

)
|0〉 , n� 1

Perturbation theory result (n – odd), Brown ’92, Voloshin ’92

Aloop
1→n =

A1→n
Atree

1→n
= 1 + λB(n− 1)(n− 3)︸ ︷︷ ︸+... , Atree

1→n = n!

(
λ

8m2

)n−1
2

1-loop + remormalization conditions
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Motivation and introduction. II

Libanov et al ’94

Resummation of leading n parts of loop corrections,

Aloop
1→n = 1 + λ(Bn2 + ...) + λ2(

B2n4

2
+ ...) + ... = eBλn

2
+ ...

Generalization: double scaling limit n→∞, λn =const

Aloop
1→n = Pn(λn) e

1
λ
F−1(λn) ≡ exp

(
1

λ
F−1(λn) + F0(λn) + λF1(λn) + ...

)

with F−1 = B(λn)2 +O((λn)3)

Can we calculate F−1, F0, ... in a systematic way?

This requires a resummation of perturbation theory series!
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Quantum anharmonic oscillator – Landau method.

Ĥ = 1
2 p̂

2 + U(x) , U(x) = 1
2x

2 + λ
4x

4 , λ� 1

An = 〈n|x̂|0〉 , n� 1 x = 1√
λ
y E = 1

λe

Ψ(y) = Ψ+(y) + Ψ−(y)

Semiclassical solutions:

Ψ±e (y) = Ce√
pe(y)

e
± i
λ

∫ y

−a
dy
√
pe(y)∓ iπ

4

An = 2
λ Re

∫ +∞

−∞
dyΨ+

e (y)yΨ0(y)

Rex

Imx x○

−ae ae

be

0 Rex

Imx x○

−ae ae

be

0

pe(y) =

√
(a2e−y2)(y2−b2e)

2 = ± 1√
2

(
y2 + 1− 4e+1

y2
+O(y−4)

)
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Anharmonic oscillator – result for the matrix element

Semiclassical exponent and leading correction:

An = −
√

2
λπC0Cee

FL/λ , FL =

∫ ∞

ae

dy|py| −
∫ ∞

a0

dy|p0|

Quantization condition:
∫ ae

−ae
dy pe(y) = πλ(n+

1

2
)

An =

√
n!

2

(
λ

16

)(n−1)/2

︸ ︷︷ ︸
exp

(
1

λ
F−1(λn) + F0(λn) + ...

)

︸ ︷︷ ︸
Atree
n Aloop

n

F−1 = −17
32λ

2n2 + 125
256λ

3n3 +O(λ4n4)

F0 = − 5
32λn+O(λ2n2)

Expanding in powers of λ:
Aloop
n = 1 + λ

32(−17n2− 5n+ ...) + λ2

2048(289n4 + 1170n3 + ...) + ...

Agree with results by Jaekel, Schenk, 2018
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Matrix element → Path integral

Switch off interaction: λ→ λ(εt) , λ(0) = λ0 , λ(∞) = 0 , ε� 1

Instantaneous basic: Ĥ(t)|n(t)〉 = En(t)|n(t)〉
Adiabatic theorem:

T e−i
∫ t
0 dtH(t)|n(0)〉 ≈ e−i

∫ t
0 dtEn(t)|n(t)〉

An ≡ 〈n(0)|T x̂(0)|0(0)〉 ≈ eiφ
〈n(0)|T Ŝx̂(0)|0(0)〉
〈n(0)|T Ŝ|0(0)〉

with φ =
∫∞
0 dt(En(t)− E0(t)− n)

Ŝ = lim
ti → −∞
tf → +∞

ei
ˆH0tfT e−i

∫ tf
ti

dtĤ(t)e−iĤ0ti
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Path integral → Saddle-point solution
|z0〉 = 1√

n!
ez0a

† |0(0)〉

〈n(0)|T Ŝx̂(0)|0(0)〉 =

√
n!

2πi

∮
dz0
z0n+1

〈z0|T Ŝx̂(0)|0(0)〉
︸ ︷︷ ︸

z0 = 4√
λ0

e−τ∞ ↙↙↙ λ = λ0e
−2εt

︷ ︸︸ ︷√
n!

4

(
λ0
16

)n−1
2
∫
dτ∞
2πi

enτ∞
∫
Dxx(0) e

1
λ0

(iS̃+Bf )





S̃ =

∫
dt

(
−1

2
xẍ− 1

2
x2 − e−2εt

4
x4
)

Bf =
√

8e−τ∞b

Re t

Im t

0

x→ 0

x→ 1√
2
(
√
λ0z0e

it + be−it)
︸ ︷︷ ︸

−iτ∞

Re t

Im t

0

x→ 0

x→ 1√
2
(
√
λ0z0e

it + be−it)
︸ ︷︷ ︸

−iτ∞

Saddle-point solution: xB(t) =
i
√

2eεt

sin (t+ iτ∞ + iεt)
+O(ε)

LO: Aloop
n = N

∮
dτ∞
2πi

enτ∞
√

2

sinh τ∞
=

1

2
(1− (−1)n)

|τ∞| = r
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Introduce the source term

1 =

∫ +∞

−∞
dx0δ(x0 − x(0)) =

∫ +∞

−∞
dx0

∫ +i∞

−i∞

dj

2πiλ0
e
j
λ0

(x0−x(0))

Aloop
n =

∫
dx0 x0

∫
djdτ∞e

1
λ0

(jx0+λ0nτ∞)Z(j, τ∞)

Z(0, τ∞)

Generating functions Z(j, τ∞) and W (j, τ∞):

Z(j, τ∞) =

∫
Dxe

i
λ0

(S̃+Bf−ijx(0)) = e
1
λ0
W (j,τ∞)

Perturbative (loop) expansion in theory with the source:
W (j, τ∞) = W0(j, τ∞)︸ ︷︷ ︸+λ0W1(j, τ∞) + λ20W2(j, τ∞) + ...︸ ︷︷ ︸

tree part loop corrections
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Calculation of F−1, F0

Aloop
n =

∫
dx0x0

∫
djdτ∞e

1
λ0

(jx0+λ0nτ∞+W0(j,τ∞))+W1(j,τ∞)+...

Saddle equations:
{
λ0n+ ∂W0

∂τ∞
= 0

xcl(0)− x0 = 0

} ∫
dx0 – residue at x0 =∞

ẍcl + xcl + e−2εtx3cl = −ijδ(t)

F−1 = (jx0 + λ0nτ∞ +W0)
∣∣∣
x0→∞

eF0 = lim
λ0x20√

2

√
− dj
dx0

dτ∞
dλ0n

eW1

x0 →∞

with τ∞ = dF−1

d(λ0n)

∣∣
j
and x0 = −dW

dj

∣∣
λ0n

or, equivalently,

F−1 =

∫ λn

0
d(λ0n) τ∞(λ0n) and W = −

∫ j

0
dj xcl(0)
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λϕ4: Amplitude → Path integral → Saddle-point solution

|z0〉 = ez0a
†
p=0 |0(0)〉 , m = 1

A1→n = n!
2πi

∮
dz0
z0n+1

〈z0|T Ŝϕ̂(0)|0〉

z0 =
(
8
λ

)1/2
e−τ∞

Aloop
1→n ∝

∫
dτ∞enτ∞

∫
Dϕϕ(0)e

1
λ
(S̃+Bf )





S̃ =

∫
d4x

(
−1

2
ϕ2ϕ− 1

2
ϕ2 − e−2εt

4
ϕ4

)

Bf =
√

8e−τ∞bk=0

Re t

Im t

0

ϕ→ 0

ϕ→
√
λz0e

it +

∫
d3k bke

−ωkt+ikx

︸ ︷︷ ︸

−iτ∞

Re t

Im t

0

ϕ→ 0

ϕ→
√
λz0e

it +

∫
d3k bke

−ωkt+ikx

︸ ︷︷ ︸

−iτ∞

Saddle-point: ϕB(t) =
i
√

2eεt

sin (t+ iτ∞ + iεt)

At leading order: Aloop
1→n = N

∫
dτ∞enτ∞

√
2

sinh τ∞
=

1

2
(1− (−1)n)
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λϕ4: Calculation of F−1, F0

Aloop
1→n = N

∫
dϕ0 ϕ0

∫
djdτ∞ e

1
λ
(jϕ0+λnτ∞)Z(j, τ∞)

Z(j, τ∞) =

∫
Dϕe

i
λ
(S̃+Bf−ijϕ(0)) = e

1
λ
W (j,τ∞)

W (j, τ∞) = W0(j, τ∞)︸ ︷︷ ︸+λW1(j, τ∞) + λ2W2(j, τ∞) + ...︸ ︷︷ ︸
tree part loop corrections

F−1 = (jϕ0 + λnτ∞ +W0)
∣∣∣
ϕ0→∞

eF0 = N lim ϕ2
0

√
− dj
dϕ0

dτ∞
dλn eW1

ϕ0 →∞

F−1 =

∫ λn

0
d(λn) τ∞(λn) and W = −

∫ j

0
dj ϕcl(0)

F1, F2 etc. can be calculated as corrections to the saddle
approximation.
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Classical solution perturbatively

W0: Solve classical e.o.m. : 2ϕcl + ϕcl + ϕ3
cl = −ijδ(4)(x)

ϕB(t) =

√
2i

sin (y)
, ϕcl(x) = ϕB(t) + δϕ(x) y = t+ iτ∞

GB(y, y′,x) G(y, y′,x) =

∫
d3p

(2π)3
G(y, y′;p)eipx

G(y, y′;p) = 1
Wp

(f
ωp

1 (y)f
ωp

2 (y′)θ(y′− y) + f
ωp

2 (y)f
ωp

1 (y′)θ(y− y′)

f
ωp

1 (y) = f
−ωp

2 (y) = eiωpy(ω2
p + 2 + 3iωp ctg y − 3

ctg2 y
)

Wp = 2ωp(ω2
p − 1)(ω2

p − 4)

−6iϕB(t) −6i −jδ(x)
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Leading exponent F−1(λn) from the classical solution

τ∞ = τ0 + (λn)τ1 + ... ϕcl(x) = ϕB(t) + jδϕ1(x) + ...

W0(j, τ∞) = −φB(0)j︸ ︷︷ ︸−δϕ1(0)j2/2︸ ︷︷ ︸−.. λn+ ∂W0
∂τ∞

= 0

W0,1 W0,2

O(j1)

W0,1 = = −
√
2ij

sin (iτ∞) , λn =
√
2j cos (iτ∞)

sin2 (iτ∞)
, τ∞ = τ0 +O(λn)

⇒ j = − λn√
2
τ20 +O(τ30 ). As ϕ(0)→∞, τ0 → 0 andF−1(λn) = 0

O(j2)
less singular terms

W0,2 = 1
2 = j2

2 ( 2B
τ4∞

+ ︷︸︸︷... ) , τ∞ = τ0 + (λn)τ1 +O(λ2n2)

Saddle equation: ∂
∂τ∞

(W0,1 +W0,2) = λn⇒ τ1 = 2B +O(τ20 )

F−1(λn) = Bλ2n2
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Perturbation theory for W (j, τ∞) – power counting

Z(j, τ∞) = e
1
λ
W (j,τ∞) = exp

(
1
λW0(j, τ∞) +W1(j, τ∞) + ...

)

L – number of loops, N – number of external legs

W (j, τ∞) =
∑

L,N λ
L−1jNWL,N (τ∞) j = − λn√

2
τ20 +O(τ30 )

W0 – determines F−1(λn)

+ + +

︸ ︷︷ ︸
O(λ2n2) O(λ3n3) O(λ4n4)

W1 – determines F0(λn)

+

︸ ︷︷ ︸
O(λn) O(λ2n2)
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Check for anharmonic oscillator.

Ĥ = p̂2

2 + x̂2

2 + λ(εt)x̂4

4 , λ = λ0e
−2εt

〈n|x̂|0〉 = eiφAtree
n e

1
λ0
F−1+F0+... , φ =

∫∞
0 dt(En(t)− E0(t)− n)

Perturbation theory around xB(t) = i
√
2eεt

sin (t+iτ∞+iεt)

F−1 = + +

= λ20n
2(− 3i

16ε−17
32) + λ30n

3( 17i
256ε + 125

256)

F0 = + log
(
λ0x20√

2

√
− dj
dx0

dτ∞
dλ0n

)
= λ0n(− 3i

16ε − 5
32)

En(t) = n+ 1
2 + λ(3n

2

8 + 3n
8 + ...) + λ2(−17n3

64 + ...) +O(λ3)

Agreement at tree and 1-loop order!
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Semiclassical exponent – numerically.

Method of singular solutions Son, 1995

Inclusive probability

Pn(E) ≡
∑

f

∣∣〈f ;E,n
∣∣ŜÔ

∣∣0〉
∣∣2∼ eF (λn,εk)/λ , εk ≡

E

n
−m

Leading exponent does not depend on a few-particle O
O = exp

(
−
∫
d3xJ(x)ϕ̂(0,x)

)

Numerically find saddle-point solution with J 6= 0

Calculate FJ(λn, εk) and extrapolate J → 0
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Numerical results.

S.D., D.Levkov, B.Farkhtdinov, 2023

|A1→n|2 ∼ limεk→0
n!
Vn eF/λ ∼ n!e2FA(λn)/λ

FA = −1
2λn log 8 + 1

2(λn log (λn)− λn) + ReF−1(λn)

-10

-5

0

0 10 20

tree

one-loop

F
A

λn

data

Can be used for verification of the theoretical method!
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Conclusions and future plans

Threshold multiparticle amplitudes in λφ4 theory
in the double scaling limit λ→ 0, λn =const can
be obtained from the same theory with the source
and perturbative expansion around a singular
solution (Brown solution).
This procedure has been verified for 〈n|x|0〉 in
QM anharmonic oscillator at tree and 1-loop
levels.
We plan to calculate contribution O(λ3n3) to
F−1 and compare with numerical results.
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Thank you!
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