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Motivation and introduction. |

@ Scalar field theory model ind =3 +1

2

1 m A
il = [ ate |30 - - - et
@ Multiparticle production at threshold
At = (n,p =0T ($5(0)) 0), n>1

@ Perturbation theory result (n — odd), Brown '92, Voloshin '92

n—1
loo «A1~>n ree A 2
AP = e~ L+ AB(n—1)(n—3)+..., A, = <8m2>

1-loop + remormalization conditions
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Motivation and introduction. |l

Libanov et al '94

@ Resummation of leading n parts of loop corrections,

B2n?
2

AP — 14 N(Bn?+ ) + A\ Fo) . =eB g

1—n

@ Generalization: double scaling limit n — oo, A\n. =const

1
-’4110—051 _ Pn()\n) e%F—l()‘”) = exp ()\F_l(/\n) + Fo(An) + AF1(An) + )

with F_; = B(An)2 + O((An)3)

Can we calculate F'_1, F{, ... in a systematic way?

This requires a resummation of perturbation theory series!
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Quantum anharmonic oscillator — Landau method.

2, A<l

e

H=1P+U(x), Ulx)=1ix

(z) = 52" +

)
U(y) =V (y) + 9 (y)
Semiclassical solutions:
Y N
+5 YN Pely) + 1
NE= — _Ce —a 4 be
e (y) pe(y)e
16} @A exr

+oo
A, = §Re/ dy U2 (y)yPo(y)

— 00

a2 —u2)(v2—b2 e _
pe(y) = R — (42 41 - AL 4 O(y7Y))
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Anharmonic oscillator — result for the matrix element

Semiclassical exponent and leading correction:
o0 oo

An = —\/%COC«:GFL”’ Fr =/ dylpy| —/ dy|pol
Qe ao

Qe 1
Quantization condition: / dy pe(y) = TA(n + 5)
[nl [ A\ D/2 (/ 1
A, = % (16) exp <)\F1()\n) + Fo(An) + >
A%roc Alr;)()p

256
F() = —3%)\71 + (’)()\QnQ)

F = —;—;)\QnQ + 1220303 4 O(A1nt)

Expanding in powers of \:
AR =14 (1702 =5+ ...) + 505 (28904 + 117003 +..) + ..

Agree with results by Jaekel, Schenk, 2018
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Matrix element — Path integral

Switch off interaction: | A — A(et), A(0) = A\, A(o0) =0, e 1

Instantaneous basic: H(t)|n(t)) = E, (t)|n(t))
Adiabatic theorem:
zfo dtH(t ‘n( )) ~ e—ifot th"(t)\n(t))

Jio (1T 82(0)|0@)
(nO|7S]0())

Ay = (n(0)[T'2(0)]0(0)) ~
with ¢ = [° dt(En(t) — Eo(t) — n)

o N et e
S= lim eHotspe i) dHt)g—iHot
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Path integral — Saddle-point solution

‘ZO> _ ﬁezozﬂ |0(0)>

A Vn! dzg Imt
(n©|75%(0)]0) = ori P ot (20|T52(0)]0®)
z—0
0= )
V! [N s / dToo o7 / (iS+By) “’%<mz"eu+bﬁ)
— | = > [ Dzx(0 A0
4 \ 16 o 0 T Ret
~ 1 .. 1 2 ei26t 4 Qo—i‘roo ®
= ToIT = ST — ®
S /dt< 5%E— 5T 1%
Bf = \/ge )
/2 et
Saddle-point solution: |z (t) = sin (1 —ZFC'Z et + O(e)
dr, V2 1
L Aloop 00 Moo = (1= (=1)"
O: N’j{ 271'1 sinh 7, 2( (=1)"%)

[Too| =1
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Introduce the source term

+o00 +oo +ico j
%o (@o—x(0))
1= dxod(zo — d e
/ 0 (TO T / TO/ 27’(2)\0

X nT Z )y OO
Aloop _ /dxoxo/dde er (jzo+Ao oo)ZEé;OO;

Generating functions Z(j, 7o) and W (3, 7 ):
Z(] Too) = /D:Ue*() (S+By—ijx(0) _ %W(J’ﬂ'oo)

[§]

Perturbative (loop) expansion in theory with the source:
W(]v TOO) = W()(ja TOO) + )\OWI <j7 TOO) + )\(QJW2<j7 TOO) + ..

tree part loop corrections
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Calculation of F_4, Fj

A Wi 4%
A}fop:/d:voxo djdTo e*o(ﬂﬁ onToo + Wo(5i7e0))+ W1 (G,7e0 )+

Aon + G0 =0 }
ZL‘CZ(O) - $0 =0
Fo 4 za +e 223 = —ijé(t)

Saddle equations: { / dxo — residue at zg = 0o

oy = (jx() + AoNToo + Wo)

To—r00
2
Fo _ T3y A0ZQ dj dree JWh
e’ = lim e
2o 00 V2 " dxzo dhon
: _ dF __dW :
with 7o = T0on) ‘j and xp = i ‘Aon or, equivalently,

n J
Ffl = / d()\on) TOO(AOTL) and W - _/ dj $Cl(0)
0 0
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Aot Amplitude — Path integral — Saddle-point solution

+
= eZoap:O ’0

©),

dZo

42

n+1

m=1

(20|T53(0)[0)

Imt¢

©—0

© = Vze® + / A3k bpe~wrttike

—2et
S = /d4x ——0p — 1902 - o? : e B
2 2 4 ?_iToo ® ®
Bf = \/ge *br—0
iv/2e
Saddle-point: t) =
addle-point: | ¢ (f) = (t+ iTo0 + ict)
V2
At | . : loop __ oonT = (1= (=1)"
t leading order: A7) = J\f/dT e b (1—=(=1")
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Ap*: Calculation of F_1, Fy

A110—0>I7)1 = N/dSDO @O/ddeoo e%(j<p0+)\nToo)Z(ja 7—oo)
Z(j, o) = /Ds0e1(5'+3fij@<0)) — &3 W)
W (4, Too) = Wo (s Too) + AW1 (4, Too) + N2Wa(j, Too) + ...

tree part loop corrections

F_1 = (jyo + AnTee + W)
Po—>00

Fy : 2 | dj dres Wi
e”® = Nlim ¢§4/ i Dxe
o — 00
n

Fa- / d(wn) 7o (An) and W = — / ! 4 oal0)

0
I, Fy etc. can be calculated as corrections to the saddle
approximation.
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Classical solution perturbatively

Wo:  Solve classical e.o.m. : | Oy + oo + ¢ = —ijd™ (2)

ﬂi), palz) = op(t) + 5o()

sin (y
G(y,y';p)e™P*

pB(t) =

d3p
/ / _
Gp(y.y',x) G(y,y' . x) = / Ok

Gly.y/ip) = 7 (P WP ()00 —y) + 157 W) Fi® ()0l — o)
)= 1y WP< >:eww<w2+2+3mpctgy—&>

Wy = 2wp(w

w —4)
i X
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Leading exponent F'_1(An) from the classical solution

Too = To + (An)T1 + ... e () = @p(t) + jopi(z) + ...
Wo(j, Tos) = —65(0)) —6p1(0)5%/2 —.. An + G0 =
———— —— ——
Wo Wo,2
o@h)
Wo1=e = —si£i10> , An = 7‘/31;055:‘;") , Too =70 + O(An)

(:, j=-dnr O(TSD As (0) = 00, o — 0 and F_y (An) = 0

V.

O(5°)
less singular terms

Woo = 1e—e= %(23 +77), T = 104+ (An) T+ O(A2n?)

Saddle equation: BT (Wo1+ Wo2) = An =1 =2B+ O(7)
F_1(An) = BA?n?
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Perturbation theory for W (j, 7o) — power counting

Z(j, o0) = €3 07) = exp (LW (4, 7o) + W1 (j, o) + ---)

L — number of loops, N — number of external legs

. 1. . An ‘
W(j,Te) = ZL,N A 1]N‘/VL,N(Too) J= ET(? + O(Tf?)

Wy — determines F_;(

)\33 )\44

O()\Q 2
W, — determines Fy(An)

O+ 0 »O O

[\ >

O(\n) O(A2n2)
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Check for anharmonic oscillator.

B =8 4 2 My o2t

(n|#[0) = ewA?feee%F’ﬁFﬁ"' . ¢ =[5~ dt(En(t) — Eo(t) —n)

Perturbation theory around zp(t) = Sm(t’_‘{%

Fi=0— + e—®+®<

= N2(— 4D + AP + 1)

16€ 256€

Aoz dj dreo 3i 5
Fo = °—O +log<\0[0 dgod;0n> Aon(— 6 = 33)

Eyt) =n+ L+ 0O 450 4 )+ 221 1)+ 00

Agreement at tree and 1-loop order!
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Semiclassical exponent — numerically.

Method of singular solutions Son, 1995
@ Inclusive probability
_ , A A2 F(Aner)/A _FE
Pn(E):ZKﬁE,n}SO‘OH ~ € ’ s Ek:g—m
f

e Leading exponent does not depend on a few-particle O
O =exp (— [ d®xJ (x)¢(0,x))

@ Numerically find saddle-point solution with J # 0

o Calculate Fy(An,€) and extrapolate J — 0
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Numerical results.

S.D., D.Levkov, B.Farkhtdinov, 2023

F/\ 2F 4(An) /A

. |
| AL n|? ~ lime, 0 -/ ~ nle
n

Fa=—%Mnlog8+ $(Anlog (An) — An) + Re F_1(An)

0
wee,
_______________ data o
< 5
€3
-10 - !
0 10

Can be used for verification of the theoretical method!
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Conclusions and future plans

o Threshold multiparticle amplitudes in A¢* theory
in the double scaling limit A — 0, An =const can
be obtained from the same theory with the source
and perturbative expansion around a singular
solution (Brown solution).

o This procedure has been verified for (n|x|0) in
QM anharmonic oscillator at tree and 1-loop
levels.

o We plan to calculate contribution O(A3n?) to
F_1 and compare with numerical results.
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Thank you!
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