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@ GR has successfully been exploited for a long time to describe
celestial motion in Solar system, a bending of light rays,
gravitational waves, the universe expansion (ACDM model)

@ GR is unable to solve the number already existing problems and
appearing new ones
o cosmological and black hole singularities
dark energy (accelerating expansion of the Universe)
initial inflation
large scale structure of the universe
dark matter evidence
cosmological constant problem
etc. ..

@ These amazing discoveries have set new serious challenges before
theoretical cosmology faced the necessity of radical modification or
extension of General Relativity
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Scalar-tensor theories

8= / o/ [F(S)R — Z()g™ 8,00, — 2U(B)] + S [rss G ] J

@ generalizations of the Brans-Dicke theories

@ the scalar field is

o minimally coupled with ordinary matter (physical or Jordan frame)
e non-minimally coupled with the scalar curvature by the term F(¢)R

Notice: Non-minimal coupling of the scalar field with the scalar
curvature is provided by the terms F'(¢) R J
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Horndeski theory

In 1974, Gregory Walter Horndeski derived the action of the most general
scalar-tensor theories with second-order equations of motion
[G.Horndeski, Second-Order Scalar-Tensor Field Equations in a
Four-Dimensional Space, 1JTP 10, 363 (1974)]

Horndeski Lagrangian:!

Ly =+v—-g(La+ L3+ L4+ Ls5) J
Lo = Ga(9, X)),
L3 = Gs(¢, X)0¢,
L4 =Gui(¢, X)R —2Ga,x (¢, X)(0¢* — " $pu0)
Ls = Gs(0, X) G + §G5.x (¢, X)(O4° = 306 ¢ ™ + 2,0 ¢%) ,
Gq(¢, X) are four arbitrary functions, and X = —1(V¢)?

Notice: Non-minimal coupling of the scalar field with curvature is
provided by two terms, G4(¢, X)R and G5(¢, X)GH'V ,6V, ¢ J

1T, Kobayashi, M. Yamaguchi, J. Yokoyama, Prog. Theor. Phys. 126, 511-(201L).
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Subclasses of the Horndeski theory

Ly = L{G2,G3,G4,G5} )

@ Hilbert-Einstein action (GR):
Gi(¢,X)=1M}, — Ly~3iM}R

o Nonminimal coupling: G4(é, X) = f(¢) — Ly~ f(P)R
o GR with a scalar field: Ga(¢, X) = eX — V(o)
o k-essence: Go = K (¢, X)

o Kinetic gravity braiding (KGB):

@ Nonminimal kinetic coupling:
Gs(¢,X)=n¢ — Lu~nG"V,.V,¢

o Fab Four, Gallileons, etc.
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Extended scalar-tensor theories

Traditional
ST theories

Extra DOF

Horndeski

Degenerate
Higher-Order

Beyond Horndeski (GLPV) | | DHOST| fidherOrder

Landscape of scalar-tensor theories
D. Langlois, Dark energy and modified gravity
in degenerate higher-order scalar-tensor (DHOST) theories: A review
Int. J. Mod. Phys. D 28 (2019), no. 05 1942006
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DHOST theories

5= [at H[F<2><¢, X)R + P(, X) + Q(6, X)0¢

5
+F(5(¢, X) Gud + Y Aa(¢, X) LY +ZB (¢, X Lﬂ

a=1 a=1

LY = ¢ue, LY =007, L = (09)¢" o’
L(2) ¢H¢ P¢pu¢u , L(Q) (¢H¢ ¢ )

LY =(@¢)°, LY =(0¢) o™, LY = puvs” el ,

LY = (06)° 6™ b, LY =06 0ud" ¢0p¢” . LS = drvd™ 60" b,
LY = ,0" 6006”0 . LY = 6ud™ bupd” $6" 0r

LY =0¢ (6ud" d0)*, L) = (a0 00)° .

Notice: Non-minimal coupling of the scalar field with curvature is
provided by two terms, Fo)(¢, X)R and F(3)(¢, X)G**'V 0V, ¢ J
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Non-minimal coupling of the scalar field with curvature

Notice: There are only two qualitatively different terms describing
non-minimal coupling of the scalar field with curvature: M($, X)R and
N(¢, X)GH'V ,¢V, 6.

e M (¢, X )R — Brans-Dicke-like theories

e N(¢, X)G''V ¢V, ¢ — theories with non-minimal derivative
coupling
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Theory with nonminimal derivative coupling. |

Focusing on non-minimal derivative coupling, we have

Action: S =S 1 §gim)

S(m) — the action for ordinary matter fields

s -1 / v/ =5 [ME (R — A) — (6 gy + 1 G ) VFSV" 6 — 2V(9)]

v

A — cosmological constant

e =1 (ordinary scalar field),
¢ = —1 (phantom scalar field);
€ =0 (no standard kinetic term)

1 — dimensional coupling parameter, [n] = (/ength)2 — 0=+

{ — characteristic scale of non-minimal coupling
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Theory with nonminimal derivative coupling. |l

Field equations:

Guw = —gu\ + 87 [TIET) + Tl%’) +7 @W}

[eg"” +nG* IV, Vo =V}

140 =2 [ViudVod — 590 (V)] — 9,V (9),

Our=—1V,0 Vb R+ 2Vad V(RS — 1(V$)? G + V6 V7 Ruaws
+VuVO G ViVad = Vi Vid 06 + g [ — 5VV 6 VaVeo + 5 (00)°
~Va$ Vs R

T3 =(p + p)upun + pguw

Notice: The field equations are of second order!
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Isotropic and homogeneous cosmological models

Ansatz: V = 0 (no potential), ¢ = +1 (ordinary scalar)

¢ = o(t), Tor" = diag(p(t), p(t), p(t), p(t)), and
the FLRW metric

2
1— kr2

k=0,%1, a(t) cosmological factor, H(t) = a(t)/a(t) Hubble
parameter

ds® = —dt* + a(t) [ + 72(d#* + sin® Ody )}

Gravitational equations:

3<H2 :) A + 8mp + 47y’ (1—9n<H2+3i2>),
2H—|—3H2+£:A—87rp—47rw2 1+ 27 H+§HQ—£+2HE
a2 2 a2 )

The scalar field equations:

2% (1—317<H2+§>>_Q:c0n5t J
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Modified Friedmann equation (Master equation). |

Material content is a mixture of radiation and non-relativistic component:

et (2) (2
P = Pm Pr = Pmo a Pro a

Introducing the dimensionless scales factor a, Hubble parameter h, and
coupling parameter (:

a H 2
= —, h:77 = nH, s
a %0 Ho ¢ =nH;

and the dimensionless density parameters:

_ A _ k 7/)7710 7/)7"0
= 32 Qo = Qs = o =, Qs

QO 271720 = 5 )
223 por por 3ag 3

where p.. = 3HZ /8 is the critical density, one has

Modified Friedmann equation
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Modified Friedmann equation (Master equation).

Modified Friedmann equation

@ Assuming A >0, one has 2y >0

o )y = k/a3HZ, hence
Qy=0,0<0, Q% >0if k=0,—1,+1, respectively

o ( =nH2 =+ ({/ly)* where {; = 1/H,, hence
C is proportional to the square of ratio of two characteristic scales,
hence ( <1777

@ In case g = 0 (no scalar with non-minimal derivative coupling) one
has the standard master equation of ACDM cosmological model

@ In case Qg # 0 but ¢ = 0 (no non-minimal derivative coupling) one
has a cosmological model with an ordinary scalar field
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Modified Friedmann equation (Master equation). IlI

Denoting vy = h? one can rewrite the master equation as a cubic in y
algebraic equation

c3y® + cz(a)y2 + c1(a)y + co(a) =0 J

with the coefficients
C3:9<2

3¢Q Q Q5 Q
et (1- %52 ) oc? (0 - B B2 )
a a a a
30\ ° 3¢ Qy Qs Q 9¢s
01:<1* P ) +6C(17 a2 QO*E‘F?‘FF + b
3¢\ D Qs U 3¢\ Q%
COZ‘(“ az) (90‘§+¥ F)_(l_ @ ) s

Notice: Roots /» = h(a) of the cubic polynomial (15) define a global
cosmological behavior as follows

“  da
.y = ot =0
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Turning points and bounces in the Universe evolution

A turning point in the Universe evolution may occur at a moment t = t,,
when the scale factor a(t) reaches its extremal, either maximal or
minimal value, a(t.) = a.. Correspondingly, y(a.) = h?(a.) = 0.

The polynomial P(a,y) = c3y® + ca2(a)y? + c1(a)y + co(a) has a root
y(ax) = 0 if and only if ¢p(a.) = 0,and hence we obtain two separate
algebraic conditions for a.:

3(92 0y Q3 Qy Qg
(-5F) (-G ) m=e
3¢Q
(1_ a;)_o 2)

NOTICE: The conditions (1) and (2) have NO solutions in case Qs < 0.
Therefore, in cosmological models with negative or zero spatial curvature
there are no turning points.
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Turning points and bounces: 25 > 0 (positive spatial

curvature)

Condition 1: (1 - 32?2) (Q + + ) +% —

*

In the simplest case: ¢ = Q3 = Q4 =0, =0, one has
=/ Q6/Q = /(1 + Q2)/.

Supposing Qs < 1, we get a2 =a2,,, ~ 1/Q)/% > 1

Therefore, the Universe's expansion is stopped when the scale factor
achieves its maximal value a,,4; and then replaced by contraction.

This is a turning point!

Thus, a root (if exists) of the Condition 1 gives a maximal value
s = Umaz (Qo, N2, N3, Qy, () which does generally depend on all
parameters of the model.

Sergey Sushkov Cosmological bounce 17 / 38



Turning points and bounces: 25 > 0 (positive spatial

curvature)

Condition 2: | 1 — =0 — a2 =3(

Since Oy < land ( <1, wegeta?=0a2, <1

min
Therefore, the Universe's contraction is stopped when the scale factor
achieves its minimal value @,in = (3¢Q2)"/2.

NOTICE:
@ The value amin = (3¢Q2)"/? depends ONLY on the product (s,
and does NOT depend on g, 23, 4!

@ Following [?], we may say that the cosmological constant and
material substance are screened at the early stage and makes no
contribution to the universe evolution.

2A. A. Starobinsky, S. V. Sushkov, and M. S. Volkov, The screening Horndeski
cosmologies, JCAP 1606 (2016), no. 06 007
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Turning points and bounces: 25 > 0 (positive spatial

curvature)

Let us consider an asymptotic behavior near a = apin = (3(92)1/2.

Modified Friedmann equation (29 = Q3 = Q4 = 0):

Qs +QG(1—3C (3h2 + £2))

a® " g6(1—3¢(h? + %))2

Asymptotics:

2 _ 2 2_ 2
a” —a,, (a2_g2 . 2 a” —a
h2 ~ ——— e (@"=amin)/ Umin oy # x Aa = a— amin
9Ca’min gca’mzn

Dependence on time:
2
W2~ 88, a2 () ~ aly, (1 + (A“ ) . At=t—t,.

Evidently: At =t —t, =0, h?x (Aﬁ)2 -0, a®>—ad?

min

NOTICE: The spacetime geometry is regular when approaching to the
“bounce” ayin! J

= = — = =
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Turning points and bounces: 25 > 0 (positive spatial

curvature)

Is the point a? = a2, = 3({)» a bounce?

min

Scalar field equation:

¢/ — Q
@ (=3 (7 + %))
Asymptotics:
& ~ 3Q N 27¢Q 1

20‘7?11'71(0‘2 - a?nin) - QG‘?nin(At)Q > (At)z
Evidently: At — 0, ¢ x1/(At)? = o0

NOTICE: One has a singular behavior of the scalar field when
approaching to the “bounce” a;,n! J
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Cosmological scenarios. |.

Thecase ( =0and ) =Q3=04,=0

h2:_& % J

o At early times, when a — 0, one has h? ~ Qg/cf6 — 00, that is an
initial cosmological singularity

@ The later evolution essentially depends on the sign of €25, i.e. on the
spatial curvature of the universe

0.5

0.4

0.3

0.2

0.1
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Cosmological scenarios. |l.

The case ¢ # 0 and Q3 = Q, = 0 (no matter)
Master equation:

LD Q6(1-3(3R2 + %))
a? " g6(1—3¢(h2 + %))’

h? = Qg

The early time universe evolution (the limit a — 0)

Asymptotics:

e First two major terms in the asymptotic (22) do not contain the
cosmological constant !

e Following [%], we may say that the cosmological constant is screened
at the early stage and makes no contribution to the universe
evolution.

2A. A. Starobinsky, S. V. Sushkov, and M. S. Volkov, The screening Horndeski
cosmologies, JCAP 1606 (2016), no. 06 007
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Cosmological scenarios. |l.
The case ¢ # 0 and Q3 = Q, = 0 (no matter)

Zero spatial curvature (k =0, Q2 = 0):
1
h?=— 6
o +0(a”)

@ Therefore at early cosmological times one has an eternal (t — —o0)
inflation with the quasi-De Sitter behavior of the scale factor:
a(t) oc effnt, where H,, = 1/,/9.

@ Notice: that the primary inflationary epoch is only driven by
non-minimal derivative or kinetic coupling between the scalar field
and curvature without introducing any fine-tuned potential, and so
one can call this epoch as a kinetic inflation.
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Cosmological scenarios. |l.
The case ( #0 and 0y =Q3=Q, =0

Negative spatial curvature (k = —1, Q3 < 0):

2 _ ‘QZ| 1 8<|Q2|3 2
- 0(a?).
W=ga T <9< + 10, ) TO@)

@ The Hubble parameter h has a singular behavior at a — 0, so that
~ [Qs/3a® — oo
@ As a increases, the first term in the asymptotic (??) decreases and
becomes negligible with respect to the second one. As the scale
factor a grows further, the behavior of Hubble parameter is

determined by the second term in (??), so that

3
h? = his = g¢ + 83\7%2! and a(t) o eltas(Hot)  This stage can be

called as a quasi-de Sitter era with the de Sitter parameter hgs.
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Cosmological scenarios. |l.
The case ( #0 and 0y =Q3=Q, =0

Positive spatial curvature (k = +1, Q3 > 0):

QG (1 8
L Y (L 2),
32 T (9g 210, ) TO@)

@ There exists some small minimal value of a = a;in,

8¢03\
30 ’

a,;,. ~ 3(Qs (1

such that the value of h? becomes to be zero!!!

@ A moment tp when the Hubble parameter h, or a, equals to zero is
a turning point in the universe evolution, or a bounce, when the
stage of contraction is changing to expansion one.

@ The minimal size of the universe can be estimated as follows
Amin = \/gév

where £ is the characteristic scale of nonminimal derivative coupling.
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Cosmological scenarios. |l.

The case ( #0 and 0y =Q3=Q, =0

Master equation:

Q  Q6(1-3¢(30% + %))
a? = g6(1-3¢(h? + %))

The late time universe evolution (the limit a — ~)
@ In the case 25 < 0, at the late stage of evolution the universe enters
a secondary inflation epoch with h? = Qq, i.e. H = Hy = \/A/3.

@ In the case Q5 > 0, the squared Hubble parameter has an extremal
value h2_,. such that d(h?)/da = 0. In case h2,,,. > 0 one has the
inflationary asymptotic h? = Q. In case hZ,,, <0, there is a
turning point in the universe evolution, when the expansion stage is
changing to contraction one.

@ In the last case one has a cyclic scenario of the universe evolution.
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Cosmological scenarios. |l.

The case ( #0 and 0y =Q3=Q, =0

Graphical representation:

Plots of h? versus a
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Cosmological scenarios. |l.

The case ( #0 and 0y =Q3=Q, =0

Graphical representation:

Plots of a versus t

a(tr) 104
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Cosmological scenarios. Ill. General case

Master equation:

Q=0
1 1 1 5 {
1 & s N |
i il
] Ll
i 6 6 |
i a |
i 2 |
1 |
1 |
H |
ESS ;
i i ! “bounce |
[ |
0 00005 00010 00015 00020 0 00005 00010 00015 00020 0 00005 00010 00015 00020
a a a

Notice: For all types of spatial geometry of the homogeneous universe,
k = 0,+1, there exists a wide domain of parameters Q23 and 4 such
that one has a bounce !
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Role of anisotropy

Notice: Small anisotropy of the universe observed today could be
catastrophically large on early stages of the universe evolution. Therefore
the results obtained for isotropic cosmological models may not be valid!
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Anisotropic cosmologies: Bianchi | model. |

The Bianchi | metric
ds® = —dt* + a dz? + a3 da3 + a3 dx3

where a; = a;(t) and ¢ = ¢(t)
Let us use the standard parametrization:
= aem_‘/gﬁ*7 as = ae” 2P+

a; = ae,3++\/§/377 as

0% = Bi + 53 is the anisotropy parameter, and H = a/a

Field equations:

SME(H? - 0%) = 1(1 - 9n(H? — 0?)) ¢ + A,

dt

%4203, +né?)| =0,
[2* (30 (H2 = ) = 1) §| = 0.

dt
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Anisotropic cosmologies: Bianchi | model. Il

Anisotropy parameter:

0'2 = 02 5
aS(2Mg, + n¢?)?

Asymptotic behavior of anisotopy:
As expected, at late times anisotropy is damping in the usual way

a — 00 — ?~a %50

Suprisingly, unlike GR, anisotropy is screened at early times!

6 2

a— 0, é2~a7 == 0?2 ~a® =0

Therefore, contrary to what one would normally expect, the early state
of the Universe in the theory cannot be anisotropic! J
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Anisotropic cosmologies: Bianchi IX model. |

The Bianchi IX metric

2 2, 1,2 1.2 12
ds® = —dt* + zaj w1 Q@ w1 + 705 ws ® w2 + 703 W3 Q w3, J

where w, are 1-forms, dw, = €4pec Wp N We

Parameterization: a; = ae®+ V35~ qy = aeP+—V30- | 45 = qe20+

a® = ajasas — a volume;

H = a/a — an ‘average' Hubble parameter
[+ parameterize deviation from isotropy

o? = 53 + B% — an anisotropy parameter

H? = H? — 6> where H is an ‘anisotropic’ Hubble parameter

The effective spacial curvature K: if 54 =0, then £ =1

K= _%e—8ﬂ+ (4@6B+ cosh?(V3p3_) — 1) (4@66+ sinh?(V/36_) — 1)
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Anisotropic cosmologies: Bianchi X model. Il

Field equations:

(- 5) - en- i (5.
ngi[(QMPl+”¢2) Q] = @M, + nd*) (31 — 0?)

— (Mg, — n¢2)$ ;qb FA, (4)

& [622MB +ng?)] = a(MB ~ 1 ¢> (5)

i [ 34 (1—377 ( ))} (6)
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Anisotropic cosmologies: Bianchi IX model. Ill

Numerical solution:

oscillatory approaching to the singularity, the anisotropy tends to zero at

Notice: Contrary to the Belinskii-Khalatnikov-Lifshits mechanism of
the moment of the bounce! J
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Conclusions

@ The cosmological constant A (or §2y) turns out to be screened at
early times and makes no contribution to the universe evolution

@ Depending on model parameters, there are three qualitatively
different initial state of the universe: an eternal kinetic inflation, an
initial singularity, and a bounce. The bounce is possible for all types
of spatial geometry of the homogeneous universe.

@ For all types of spatial geometry, we found that the universe goes
inevitably through the primary quasi-de Sitter (inflationary) epoch

1 893

9¢ T 2704

@ For k = 0 this epoch lasts eternally to the past, when t — —o0.
When k = —1 or +1, the primary inflationary epoch starts soon
after a birth of the universe from an initial singularity, or after a
bounce, respectively.

with the de Sitter parameter h2y =

@ The mechanism of primary or kinetic inflation is provided by
non-minimal derivative coupling and needs NO fine-tuned potential.
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Conclusions (Continuation. ..)

@ In the course of cosmological evolution the domination of 7-terms is
canceled, and this leads to a change of cosmological epochs.

@ The late-time universe evolution depends both on k£ and A. In the
case k = 0 (zero spatial curvature), or k = —1 (negative spatial
curvature), at late times the universe enters an epoch of accelerated
expansion or a secondary inflationary epoch with H = Hpy = /A/3.
In case k = 41 (positive spatial curvature), there is a turning point
in the universe evolution, when the expansion stage is changing to
contraction one.

@ Depending on model parameters, there are cyclic scenarios of the
universe evolution with the non-singular bounce at a minimal value
of the scale factor, and a turning point at the maximal one.

@ Contrary to what one would normally expect, anisotropy is dumped
at early stages of the universe evolution!
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