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Restriction of gauge theories

Parental gauge theory
Consider generic gauge theory §[<p1] subject to a closed algebra of irreducible
A

local gauge generators RY,,
A )\I )\I A J AI A J )\I A
S1Rae =0, Rea,s Rz —Rp, Ro = R.YC(zB. (1)
A
® Irreducibility: rank RL =rangea =mqo (mo < fi = range I)

Restricted theory

Restricted theory, originating from the parental one, is the theory with
configuration space constrained by the equations

6°(o") = 0. (2)

® Consider functions 6% (') to be independent: rank % = rangea = m;
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Representations of the restricted theory

Representation on extended configuration space

S, A] = 8] = Aab(9), 3)
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Representations of the restricted theory

Representation on extended configuration space
S, A] = S[e] = A0 (), ®3)

Reduced configuration space representation

Let restriction surface, Zg: 0%[¢] = 0, be parametrized via fields ¢
o' =e(9), 0°(e'(¢) =0 (4)
Then action of the restricted theory in equivalent reduced representation
SMe Al & 5 ¢] ()
is just

5[] = S[e($)] (6)
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Residual gauge symmetry

A
Symmetry of S:

Residual symmetry of S*:
A A A AI a
58 =8, Rigx =0

A A A a a AI o (7)
555 - )\aége =0- Aae’IRaf =0
Thus residual symmetry of S is defined by restriction on gauge parameters

§Oé

€)Y RLE(e) = QLEN(e) =0

e — some set of infinitesimal parameters of the residual gauge symmetry
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Residual gauge symmetry
Symmetry of §: Residual symmetry of S*:
A A A Ao — x A A WA o (7)
0eS=851R,*=0 0S8 — Xade® = 0 — Aa04RLEY =0
Thus residual symmetry of S is defined by restriction on gauge parameters
A
£=€%e): 0GR (e) = QU () =0 ®)

P — some set of infinitesimal parameters of the residual gauge symmetry

Q% = 0% R

gauge-restriction operator 9)

Its rank properties define basic dynamical and gauge properties of the restricted theory
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Residual gauge symmetry
A
Symmetry of S: Residual symmetry of S*:
A A A Ao — x A A WA AT e (7)
0eS=851R,*=0 0S8 — Xade® = 0 — Aa04RLEY =0
Thus residual symmetry of S is defined by restriction on gauge parameters

=€) BYRLE(e) = QUEN(e) =0 (8)

P — some set of infinitesimal parameters of the residual gauge symmetry

Q% = 0% R

gauge-restriction operator 9)

Its rank properties define basic dynamical and gauge properties of the restricted theory

Iff Q% — full-rank (rank Q% = m1), then restriction is just gauge fizing.
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Residual gauge symmetry
Symmetry of §: Residual symmetry of S*:
A A A Ao — x A A WA o (7)
0eS=851R,*=0 0S8 — Xade® = 0 — Aa04RLEY =0
Thus residual symmetry of S is defined by restriction on gauge parameters
A
£=€%e): 0GR (e) = QU () =0 ®)

P — some set of infinitesimal parameters of the residual gauge symmetry

QL =09 ﬁé — gauge-restriction operator 9)

Its rank properties define basic dynamical and gauge properties of the restricted theory

Iff Q% — full-rank (rank Q% = m1), then restriction is just gauge fizing.

® Regularity assumption
rank Q%‘|Ee = m1 — ma = const, mo — rank deficit (at Xg) (10)

This imply range p = mg — m1 + mso for the space of residual gauge parameters £
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Restricted theory dynamics

Generically physical space of the restricted theory is not the subspace of that of
the parental theory.

A A N S 1 I =
EoM for S: S — EoM for S*: (11)

—O.

Theories are classically equivalent if on shell A, =0 and Q¢,— full-rank.

The latter two conditions are not independent. They are equivalent.

On shell behavior of A\,

Gauge restriction operator Q¢, defines equations of motion for \q

XeQ% =0 (12)

On shell A\, — left kernel of Q¢,.

If Q% full-rank, then on shell A, =0, solutions of restricted theory are subfamily of
solutions of the parental theory.

If Q7, — rank-deficient, then under regularity conditions on 6%, for Ay # 0 there are

new solutions absent in the parental theory.
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Effective action

A
Suppose the parental gauge theory S[p!] is well-elaborated. In particular we know
expressions for its quantum effective action (EA).

Can we use this knowledge to construct EA of the restricted theory STd[¢?]?
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Effective action

A
Suppose the parental gauge theory S[p!] is well-elaborated. In particular we know
expressions for its quantum effective action (EA).

Can we use this knowledge to construct EA of the restricted theory STd[¢?]?

Yes. We Can!
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Effective action

A
Suppose the parental gauge theory S[p!] is well-elaborated. In particular we know
expressions for its quantum effective action (EA).

Can we use this knowledge to construct EA of the restricted theory S™°4[4?]?
Yes. We Can!

Morover,
we can preserve configuration-space and gauge covariance of the parental theory
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Effective action

A
Suppose the parental gauge theory S[p!] is well-elaborated. In particular we know
expressions for its quantum effective action (EA).

Can we use this knowledge to construct EA of the restricted theory STd[¢?]?
Yes. We Can!

Morover,
we can preserve configuration-space and gauge covariance of the parental theory

Configuration space reduction: Lpl — ¢'.  Field operators a;; in the restricted theory
Residual gauge symmetry: £ — &”.  Ghost-sector operators b” in the restricted
theory

We can construct one-loop EA in terms of determinants of operators A;; and B%
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Effective action

A
Suppose the parental gauge theory S[p!] is well-elaborated. In particular we know
expressions for its quantum effective action (EA).

Can we use this knowledge to construct EA of the restricted theory STd[¢?]?
Yes. We Can!

Morover,
we can preserve configuration-space and gauge covariance of the parental theory

Configuration space reduction: Lpl — ¢'.  Field operators a;; in the restricted theory
Residual gauge symmetry: £ — &”.  Ghost-sector operators b” in the restricted
theory

We can construct one-loop EA in terms of determinants of operators A;; and B%

Price to be paid: reducible “parental-covariant” gauge generator set
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Reducible gauge generators of the restricted theory

Residual symmetries
Instead of working with irreducible set of residual parameters e”

£* =¢%(@e): QLEM(e) =0
where Q¢, = 0% 7%{1 one can use the reducible set of gauge parameters

Eeducivie = THE, T — projector: Q% T% =0

Convenient alternative
Even more convenient: to formulate the residual gauge symmetries

A
Sep! =RLTGEP

A
with free gauge parameters £%, projecting instead the parental generators R,

ng = 7%,11 T3 — reducible set of gauge generators

Projector T = 6% — k% (Qk) "4 QY%

Conclusions

(13)

(14)

(15)

(16)

(17)

kS — arbitrary structure with rank condition rank (Qk)} = rank Q9% = rank k*;
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Theorem
Provided the parental theory had gauge algebra

A A A A A A A A
Ra Ri — Rp Ra = RCLs + EabS, s,
the projected gauge generators of the restricted theory satisfy

RL R — RE R = RLCI, + ELLS,,

with new structure functions CZ,@ and E i‘é
Cly, = TUCSTOTS + N}, - N1,
B, = DipiBSFTIT),
where
Nlg = Thko (@) QURE,
D, = & - ﬁ{'k((,(Qk)il%GéJ'

A
® TFor EféL ~ Efg“ # 0 (21) is not an open algebra of generators for the

restricted theory due to the last term.

Conclusions

(19)
(20)
(21)

(22)

(23)

® If the parental algebra (18) is closed, é};(aL = 0, one gets the closed algebra of

the residual generators R .



Setup Effective Action Unimodular Gravity Conclusions
[e]

0000 000@0000 0000000

Restricted gauge theory setup with reducible generators

® Initial gauge invariant action

S ¢, Aa] Sred[ o] (24)
® Reducible gauge generators (o, 3... = 1,...,mo)
A . . .
RL = R’BTQ © SARL=0 ‘ RL =e'RL : STIRL =0 (25)
® First-stage reducibility generators (a,b...=1,...,m1 < mq)
Zo=k%ub © RLZG=RLZ%=0 (26)
k% — projector parameter from T3 = §% — k¢, (Qk‘)fl(f) lf,a, (17)
/4l:, arbitrary operator so that rank k¢ = rank k¢ ;J,Z(" (will be fixed later)
® Second-stage reducibility generators (A, B...=1,...,m2 < mq)

For generic restriction, which is not a gauge fixing, there exist

Z% . Z9Z% =0 (27)
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Restricted gauge theory setup with reducible generators

® Initial gauge invariant action

SMN¢' A | sred[g] (24)
® Reducible gauge generators (o, 3... = 1,...,mg)
RL=RLTE : SARL=0 | Ri=eRL: SEIRL=0 (25)
® First-stage reducibility generators (a,b...=1,...,m1 < mq)
Zo=k%ub © RLZG=RLZ%=0 (26)

k% — projector parameter from T3 = 6% — k¢, (Qk)fl(z Efg, (17)

arbitrary operator so that rank k¢ = rank k¢ p,l:‘ (will be fixed later)

b
P

® Alternatively:

® Quantities with indices a (except 0% and its derivatives) consider as
defined on the functional space of dimensionality mi — ma (orthogonal
to Z2%)

® Inverses of mo-degenerate operators B are defined in the
Moore-Penrose sence

Modification allows to use 1-stage reducible BV without loosing gauge covariance
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Batalin-Vilkovisky procedure for 1-stage reducible gauge theories

Batalin-Vilkovisky configuration space

BV procedure for action S™4[¢?] with reducible generators R, = e?R. imply
configuration space extension

(2 [ gh(P) [ 27 T gh(P)
minimal sector’
i cx pa A A la la @ 0 r —1
& = (¢",C*,C% Ca,Ca,C' Ta, Ta, %), c +1 Co -2
—_—— ce +2 C: -3
liary 1

Donin - 71auzzmr sccﬁar -

Ta 0
L — * * *  AxQ Axd A% QU kA )k Ca —2 e 41

P* = (¢7,CL,Co, C*7,C*Clr ™ % w'y,). . -
—— o 0 o 1

L e +1

min

BV master action _
Proper solution SZV[®, $*| = Smin4 §2Ux of the master equation (SPY,S5V) =0

Smin — Sred[(ﬂ + (b:fR(ilCa +C;Z%Ca + . , Saux — Faé*a-‘t-ﬁaé*a-f—c[/:ﬂm-

Gauge fixing
T[@] = Ca(X($) +0%(8)C"*) + Cawh(9)C* + § (Cax*Pms + Caphn’®+mapfC”).
— —————
Xa(p,C')

Gaussian gauge fixing: det 28 #£ 0, ” det p§” # 0.
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Gauge-fixed action and generating functional

Sy[®] = 5BV [8,60(8]/58] — Z:/Dqﬁeiswld’l (29)

(BV procedure defines generating functional modulo contribution of local measure)

Integration over auxiliary fields g, 7q, 7% gives
Z= /D¢red (det %a6)71/2 det p% e'LI*S‘FP[q;'red]7 (30)

boq — the reduced set of BV fields @04 = (¢%,C'%,C%,Cq,C%, Cy)
SFP[Peq] — the Faddeev-Popov action

SFP[Breq] = S ¢] — X VsqpXP +Ca (XTRE — 0% p 1§ wh)CP+ Ca(wh25)Ch + ...
N —

sef[p,c) Fg Fy
Restricted theory specific — the particular structure of ’R’B and Z9.

The effective action should be k-independent, which suggests
25 = K3 (@7 (32)

This agrees with canonical (BFV) normalization of the path integral measure.
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One-loop effective action
1—loop j1—loop det p% det F% (33)
tricted— © = 1/2 1/2 1/2
restruete (det %‘15) / (det Fij) / (det Iiab) /2 det Fg
inverse propagators auxiliary quantities
Fi; = sl fxgnaﬁ)fﬁ., Kap = agzaé?f;,
F% = XSGRy *U%P715W%7 kP = (kap)
Fe = wzzg. Hapg = #ap —%a,ya:;‘n“bog%(gﬁ,

This form of EA is covariant w.r.t. parental gauge algebra space, but is built on

reduced configuration space.
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One-loop effective action

Zl—loop _ eiF171°°p_ det p% det F% (33)
tricted — = 2 2
restrere (det 328)*"? (det Fi;)"/* (det kap) /? det Fg
inverse propagators auxiliary quantities
Fi; = sl fxgnaﬁ)fﬁ., Kap = agzaﬂzlrf;,
FY = XGRj —o%p™ 1w, K = (kap)
Fe = wzzg. Hopg = #ap — %a,y(f:;n“bog%(gg,

This form of EA is covariant w.r.t. parental gauge algebra space, but is built on

reduced configuration space.

Parental configuration space covariance

1—loop  __ det p% det F%
Zrestricted_ 1/2 1/2 1/2 1/2 (34)
(det %"‘5) (det FIJ) (det @ab) (det /cab) det F'¢
Fry= 815X 0%,~X5,5X"%, 0% =9 F 116", (35)

Gauge fermion components are defined on parental space ¢!, F;; = e’Iie’JjFIJ,

and lifted F'§ = XGR} — a%p~ 1% bi (which is true since R is tangential to o).



Setup Effective Action Unimodular Gravity Conclusions
0000 00000008 0000000 o

Parental and restricted theories’ EA interrelation

Disentangling of restriction condition
The set of functions 6, according to the rank deficit of Q%,, can be split into
gauge-invariant functions 64, range A=m, , and gauge-fixing 6P, range p=m, —m»

0% — (02,67) :  5(6%) = 5(02)5(6P)Y, Y = det[YAYP] =0(0",07)/90% (36)

6P — conditions of partial gauge fixing x? = 67,
04 gauge invariants, which are forced to vanish in the restricted path integral, are

responsible for inequivalence of the restricted and parental theories.

Restricted—parental one-loop relation

For theories with the Jacobian Y independent of integration fields in the one-loop
order there is simple relation of the restricted and parental theories

1-1 51— —1/2
Zrest‘r)izrt)ed = Zl foop (det @AB) / (37)
OAB = 9:3}%711‘]957 FIJ = SIJ_X]%Q,BXJ >‘A9 (38)

— @48 is defined in terms of the Green’s functlon of Fry of the parental theory with a
source A4 at gauge-invariant observable 04
the presence of source term may be mterpreted as going off shell and calculating on

backgrounds S I = =204 ‘7> which specify saddle points of restricted theory.

to compare Zr;tl!i};d and Z'71°°P in (37) these objects should be calculated on the

same backgrounds.
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Unimodular gravity (UMG)

Parental theory — Einstein general relativity
Sle] = Selgu] =/d4$ V32 (@) R(gu (@), ' = gu(@), I = (uv,z)  (39)

Gauge transformations dep’ = 7@{150‘ — diffeomorphisms 6¢guy = V& +Viéy,
so that the gauge generators

A
Ra 7 29a(uVi)d(@,1), I = (v, z), o = (ay) (40)
Restriction
Unimodular restriction of (39) — restriction to the subspace of metrics g,,,, ()
with a unit determinant, g(z) = —detg,, (z) =1
0° — 0T =0(x)=g"%(z) -1, a — m, (41)
0% = 0TV =191 2gMs(,y),  a s ox, [ () (42)

The gauge-restriction operator (9)

QL?)L — Qg,y = gl/QVa(s(x7 y) = 8(1 (91/2(3")6(1‘7 y))7 (43)
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Restricted theory — Unimodular gravity

Action
8 gu A= [ da(9"/* Rlge) ~ Ng"/?~1) (44)
Equations of motion
59N 58N
el _91/2(R/w _ %g’“’R—l— %)\gw) =0, — —_(¢'?P-1)=0 (45)
59/.1.1/ o
The Lagrange multiplier A(z) on shell is constant
AaQ% =0 +— —g"209,A=0 (46)
The vacuum solution of equations of motion is a generic Einstein space metric 8uv
Ry = Ag,,, A=2X\/2=const (47)

with a unit determinant g = —detg,, = 1.

Physical difference

Left kernel of Q9, of dim. mo = 1 is spanned by the zero mode Yf‘ — Y, =1
Gauge-invariant physical degree of freedom constrained by the UMG restriction

04 =Y =0 5:/d4x(g1/2($)—1):0, (48)

is the full spacetime volume, [d*z g'/?|g—o = [ d*z, not specified in GR.
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The projector T3

The following choice of k¢ provides covariance w.r.t. coordinate change

¢ = kYT =VY(z,y), o = (a,z), b oy, (49)
Qk)S — (QK)Y =g"?08(z,y) a v z by (50)

where V& = g*#Vg, O = g*#V, Vg, (acting on scalars).

Thus the projector T%(Q7 k) — T%’ayc = T%(V)é(m, y) corresponds to operator
TH(V) = 64—V 4 Vs. (51)

T%3(V) is a projector on the subspace of spacetime transverse vectors.

T3(V) is nonlocal, where ﬁ is the Green’s function of [J, understood in the
Moore-Penrose sense (orthogonal to [J zero constant mode ).
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Gauge fixing
To preserve explicit covariance we use background gauge fixing
1/2 _ /2
X* = x*(x) = g'/2Vrhe(x) = g/?g"P g™ Vs (guv (z) — 8, (2)) (52)
(on UMG background is the DeWitt gauge gl/zg"‘a(v"hfglLfég"l'Vfah,#,,))

For reasons of explicit covariance one can choose

3By em By gl/zgo‘ﬁé(x,y), (53)
0% 0T =g Ved(x,y) = —g 2@k g gy (54)
Wi o wE = g PVab(@y) = Qg g (55)
oy = ph=g"%5(z,y), (56)

(where in (54) V acts on scalar, in (55) V acts on vector)

Since 0§ ; does not depend on dynamic metric, extra ghost C’® vanish on shell and

XSG =x% = g2 v)5(x,y). (57)
Derived structures
Kab = cf‘;%agcrﬁb = Kgy = —91/2['5(37’9)’ (58)
1
of = k0G0 0, = —69_1/2V35(x,y), (59)

_ 1
HaB = Hap — %a'yo—lo'aﬁ = Ha,x By — (g l/zgaﬁ —Va EQ 1/2VB)6(1‘7 y)(GO)
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Inverse propagators

FIJ = Fuvaﬁ(v)g(x7y)7
FrveB(y) = %91/2 (gu(agﬁ)vD 4 oRm(avB) _ oy (kyv) lv(&vﬁ)
O

+gMVV(avB) 4 gaﬁv(qu) _ guvgaﬁ([, + %R))ﬁl)
Fh = FR(V)é(z,y),
1
F3(V) =g"(O+ {R)3G ~ §RV = V5), (62)
Fy=5%  Fj="8y)" (63)
(background equations were used to simplify equations, which is legitimate in one-loop)
The operators acquired nonlocal parts generated due to nonlocal projectors.

In the local part of the tensor operators are not minimal.

Calculation strategies

® via general heat kernel methods on generic backgrounds (the operators should
be transformed to forms with local and (preferably) minimal principal symbols)

® via decomposition of the space of tensor and vector fields into irreducible
transverse and traceless components
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GR and UMG one-loop EA (generic heat kernel)

UMG
a R sa 1/2
1—loop _ det (D65+ Z(;,B) det (D+§) ) (64)
MG [ det(00,88 + 2R ()] /2| det' (O+ &)
Note the nontrivial factor
1/2
det (O+ %) |7 _ (2A)1/2, (65)
det’ (0 + &)

which is a function of the dynamical global degree of freedom A in UMG.

GR

Modulo constant extra factor, the result (64) exactly coincides with the one-loop
contribution of gravitons in Einstein theory with the action

Salow] = [ dag!/2(R—24) (66)
and the on-shell value of the cosmological constant A = R/4,
R
det (084 + 76%)
[det(005,57 + 2R, Py ]/

Zy71P(4) = (67)

Ruu:Ag,uu
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GR and UMG one-loop EA (York decomposition)

UMG
Via minimal determinants of operators for irreducible tensor representations
1/2
R
1—loop __ detr (D o + Z(Sl’i) 68
UMG ( )

B detrT (|:| 5,,,3ﬁ + QRM(QI/ B))

It manifestly exhibits 5 traceless-tensor modes minus 3 transverse vector modes.
Note the disappearance of the additional factor in (64)

GR
On the contrary, in this representation this factor is generated in the GR
calculations
1/2 1/2
~1—loop __ detr (D 6% + %6‘;) det’ (D + %)
Z - of (a B) Tt (O + Y (69)
detrr (O06u” + 2R, ") det (O+ %)

In terms of minimal determinants on constrained (irreducible) fields the one-loop
result for Einstein theory with A again differs by the constant-mode contribution
of the operator [J+ %
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Conclusions

® Restricted theory formalism is formulated. It relates the dynamics and
quantum properties of two theories, connected by local full-rank
restriction on configuration space of the parental theory.
In particular it gives simple relation between quantum effective actions.
Particular case: restriction is a pure gauge fixing. Checks part of the results.

(Note: Related are objects of physically nonequivalent theories!)

® The formalism have been tested for the Unimodular gravity (UMG) as
the restricted General relativity.
These theories differ by one global degree of freedom and the formalism explicitly

shows this.

® Limitations:
— directly applied when restricting theories with closed gauge algebras,
— reasonable regularity relations for restriction should be checked.
(Weakening of some rank conditions is possible).

® Nonlocality issue. (Simple criteria for generic theory not found yet.)
Condensed DeWitt notation hides boundary terms and nonlocality structures
which can break part of the residual gauge invariance of restricted theory.

In particular it enters the game for most of the GUMG models, forcing the change

of canonical constraint structure of the theories.
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