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Heat kernel method in background field formalism

Heat kernel

@ Functional method in QFT
@ Allows for both UV and IR approximations on an arbitrary background

@ Used in QFT in curved spacetimes, quantum gravity, cosmology, etc. [Vassilevich (2003), Avramidi (2000)]

oo > ds
Ke(s|x,y) = ESFS(X,y), F71=—_ / ds Ke(s), log Det F = — / — Tr Ke(s) (1)
o ] S

Asymptotic UV expansion

Schwinger — DeWitt technique for hermitian operator F, ord F = 2k, dim M = d [DeWitt (1965), Schwinger
(1961), Gilkey (1984), McKean, Singer (1967),...]

1 >
Tref = /ddeF(s\x,y)ly:X: WZA"sn/Zk, s — 0. (2)
i s n=0
A, contains both volume and surface terms [McKean, Singer (1967)]
A = / o) / e B () 3)
M oM
am (x,x)

with non-zero Ezp(x) = for even n = 2m.

(am)d/2F
Two types of surface terms:

@ B, (x) are heavily dependent on boundary conditions and properties of 9M [Kirsten (2002), Gilkey (2004)]

@ total derivative terms in Eap(x)
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Schwinger — DeWitt technique

The operator

def 5%5[¢] S B _ 5
Fag(V)d(x,y) = SA)59E0) F(V)G(x,y) = —16(x,y), (4)
1-loop 1 - 1 -
r = logDet F(V) = ~ Triog F(V). (5)
v
Principal symbol
For Fpg(V) of order 2k:
Fag(V) = Dt %2k o) . Vay, + Has(V), (6)

where ord ITyg(V) < 2k — 1. Matrix Dag(n)
Dag(n) = Dyt *2kp®1  p2k (7)

for some n® is the principal symbol of Fpg(V)

Minimal, nonminimal, and causal operators

| N\

Operator Fag(V) is minimal, if its principal symbol has the form

k
Dag(n) = Cag(gapn™n®)", (8
where (a non-zero) matrix Cyg is invertible and independent of n®.
Operator Fap(V) is causal if
det Dag(n) = Clgagn®n) ‘" %48 2 0. ©)
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Schwinger — DeWitt technique

Minimal (second order) operat

Fa(V) =0+ P, (10)
Early-time asymptotic expansion s — 0 [DeWitt (1965)]
. 1 AY2(xy) 4 76 3) ]
Rey (5 1%, v) = 1Y) 172 2 "5f2 (x, y), 0. 11
R b)) = a8 ) e [-Z00] R AR (11)

where o(x, y) is the Synge world function

o(x,y) = %(geodesic distance between x and y)z, (12)
A(x, y) is the dedensitized Pauli — van Vleck — Morette determinant

Alx,y) = & V2 (02 ()| det 93,05 o (x, )| a3)
552 (x, y) are the Schwinger — DeWitt coefficients

Hence, Tr RFz is given in terms of coincidence limits [4,](x) e §n(x,y)| which are calculated iteratively
y=x

1
o d AF-
Te Rr, (5) = /d X(MS 7 Zs tr[5721(), (14)
a f 1 1
log Det F2 Sw = W m / ddxg:l/2 tr[ﬁ:‘}z](x), w —d/2—0. (15)
W
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Generalization for nonminimal operators

ation theory

E(VIx) = 08% — avHVY, (16)

,_
n
-
™
<

=
11l
™

(V|X) be a A\-family of causal operators for A € [0, Ag) with I:'(V\O) being minimal. Choose R(n) as
D(n)K(n) = 1 (n®)™, m< ktri, (17)

Going back to operators (n® +— V%), an additional term RI(V) = O[Zb_gl] of order 2m — 1 appears:

D(V)R(V) = O™ + Ky (V), (18)
and for F(V) = D(V) + lI(V):
F(VR(V) =07+ (), M(V) = A(V)R(V) + R (V) = O[4; 1] (19)
Perturbation theory in M [Barvinsky, Vilkovisky (1983, 1985)]:
i Pmax i P
PS _ ~ Y _( max 1)
¢=RV)5m p;(_l)pﬂ <’V’(V)E’”> + 0fg etV (20)
- - A LdE(VIN)
log Det £(V|A) = log Det £(V|0) + Tr/ dx ) Gy 1) ). (21)
0 dx’

Series (20) effectively reduces the nonminimal Green function to the sum of universal functional traces

1
Vir Vi

P.T. is insensitive to total-derivative terms!

mobe )| _ - (2)
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Proca heat kernel and 1-loop double poles

Proca 1-loop effective action from perturbation theory

Proca operator
F(m?|V) = F¥(m?|V) = 06" — V*'V, — m?s" — R,

Its GF is expressed in terms of minimal massive GF:
[e3 v
% _ (5a _ Lvavu> %5
F(m2|V) voom? H(V) — m2’
where H(V) — m? = HE(V) — m255 =068 — RE — mzé’;.
1 o 1 oo §H
~ Trlog F(m?|V) = Jrr/ dp? —2
2 2 m2 F(p?|Vv)

2

1 div 1 g2 11, 43 , 1, 3
= Trlog FX(m?|V = /d“x {——R +ooRas R +—R+—m
2 g F (V) w—2 3272 180 *PHY & 2

4

1 (e +logm?)OR - DR} ! /d“ g2 1
- — og m' - — - x —
12 ET8 30 (@ —2)2 3272 12

Its principal symbol is degenerate:

det (nzél‘f — n“nl,) =0

But if mass is included explicitly, a perturbation theory can be constructed:

1
DE(n) = n®8l —nkn, —m?8L,  KH(n) =6k — —ntn,, FE(m?|V)KS(V) = (3 — m?)st + M.
m

With perturbation operator being purely potential M} = —Rl!

(23)

(24)

(25)

(26)

(27)

(28)
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Proca heat kernel and 1-loop double poles

Proca heat kernel

Heat kernel is given via Green function's Mellin transform:

zZT

2
[P L [l 1
v 2ni Je F(m?|V) —zdv
1 1 &7 A
=—— [ dz|o§ — viv
27i Je [A m2 +z A][H(V)fmz—z}u (29)
—m? (H(V)=m?)
[t | ¢ gug [T I
v H(V) H(V) v
Using the Ward identity (s is the scalar d'Alembertian)
&) 1
Y _V\VH=_—V, V¥ (30)
H(V) Os

n

H(V)=m2)1 8 —7m2 o T B —rm2 T _ r(@s—m?
Vg [eTHVI=mD) )5 _ gmrm "ZOIVB[H(V)"}U_e i ;;ng,,_ef( s=my,,

(31)
_ .2 1 O.—m2) 1
VHY,, [eT(H(V)=m") o B gt Hs—m%) = &
ol 15 s =
The heat kernel then reads
O
2 2 e™—s —1
KF(mz)g(T) = Kyt(r)e ™" —e ™ V“?VU, (32)
s
which satisfies the heat equation.
y
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Proca heat kernel and 1-loop double poles

Does our heat kernel yield the same determinant?
_ T
pl—loop _ _ O e
[} T

o
2 2 eTs —1
Tr Ke(2yt, = TrKple™ ™™ — Tr |:e_Tm vt —vV,

Functional trace cyclicity involves integration by parts:
emUs s _ 4
Trv“?vﬂf/d xd yv“? (%, ¥)V u8(y, x)

s

d_ d e s -1
:—/dxdyv& Vi ——=——38(x,5)8(y, x) /dxdyD M&wﬂ%ﬂ
Os Os
The additional total-derivative term is to blame for the double pole
—rm? _m2
Tr Kp(m2yt = TrKpje™ ™7 — TrKg e ™"
2

J eUs _q , -
+/d xVy V“Dié(x,x ){X,:X e T

s

(33)

(34)

(35)

(36)
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Proca heat kernel and 1-loop double poles

heat kernel

The surface term in the heat kernel yields the double pole

-0
d s
/oo l —Trm? /d xV |:V"L O 5(X X Hx’:x]

o d T 2
:/ i/ ds/ddxvu [v“ s —7m 6(x,x’)|x_x] (37)
o 7 Jo -
dix &, ,\—ntd/2—1 [(n—d/2+1) 0
= —— m —————V,|V"a .
/ (am)d/2 nz:(:, ( ) n—d/2+1 " { " IX’:X]
In d = 4 the double pole is at n = 1:
div 1 d“xgl/2 0 _1
Io Det F(m? |V —77/7V VHar]+ O((w — 2 s (38)
g Det F(m*| V) oo | T VeI O@ -7

where [V“alD] = LV R.
h

12
Including the rest of terms in the heat kernel yields the same result as perturbation theory.
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Proca heat kernel and 1-loop double poles

Boundary terms summation method
Alternative method: following [Barvinsky, Vilkovisky (1985)], make use of Ward identity
Va(Osg — Rg) =0sVg,
FH(m?) (55} - %v“v,,) = (O - m?)s" — RM.
m

v

Whence: q
Tr log F*(m?) = Tr log [(IZI — m?)sk — R,‘j] — Trlog [55 - jvﬂvy] +8(0)(...).
m

First term is Tr log of minimal operator, contains only simple poles. The second term:
1 or-t O
Tr log [6;,‘ = Tv“vu] = 7Trz V“ 5 V., = TrV“ log (1 = —S) v
m =an O, m
log(1 — Og /m?
:/ddxvuig( DSS/ )vﬂa(x,y)]yzx
Using the identity

V‘X)f(x, x) = V(X)f(x,y)‘yzx + V(‘V)f(x,y)‘y:)(,

we obtain the surface term:

log(1 — O
/ddxv”iog( = a/m )VH5(X,y)‘ =
P

= Trlog [1 } /d xV l: M&(X,y)|

Os

y=x

(39)

(40)

(41)

(42)

(43)

(44)
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Proca heat kernel and 1-loop double poles

Boundary terms summation method

In d = 4 we have:
log (1 — Ds/mz)
_ d 12 =
/d xV I:V = 6(x,y)|y:X

s

d 2
= /d‘xva {Va * # /OO dse” M s‘jsé(x,y)) } (45)
m2 y=x
1 g + log m? / d“xgl'/2 Or
= 4 — + 0 —2
((w —2)2 w—2 ) 16m2 12 ((w ) )

which also contains a double pole (and gives the same answer as the heat kernel method).
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Determinant anomalies and surface terms

Determinant anomalies

Define multiplicative (or determinant) anomaly for operators O3, O [Wodzicki (1984, 1987), Kontsevich (1994)]

O12 Ried 610, (46)

A(@l, (52) déf log Det O12 — log Det Oy — log Det Os. (47)

Relation with surface terms

Product determinant (order-preserving) deformation:

& log Det[O12] = 6[Tr log 1] = Tr[O1;16012] = Tr [é;‘@;‘ (5@1@2 + @1562)] . (48)

Cyclic permutations under Tr involves integration by parts:
5 log Det[O1 O3] = & log Det Oy + & log Det Oz + / d?x Al - 1% (49)
M

Hence, expect only surface terms in A(@l, (52) Verify this by explicit calculation of div parts of anomaly for

minimal & nonminimal 2" order operators.
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Determinant anomalies and surface terms

Compact manifold M, dim M = d with indices: a 18537 0 0 0
Bundle indices A, B, C, ... are omitted: ¢ = ', X = XB' X=trX = X/’:\.
Connection Vg is torsionless and compatible wlth metric g, 3 on M.

Vo, Valv? =R", .5v"  [Va,Vale =Rag @ (50)

Method of calculations

|
>

Let ord F(z) =2, ord F(4) =4, and w — d/2 — 0. From Schwinger—DeWitt technique:

i 1 £
2 div d_ 172, zF@)
log Det Fy 77/dx tr E X),
g @ Y g g (x)
. (51)
i 2 F,
2 div _ d, _1/2 g (4)
log Det Fy 77/dx tr E X),
g @] T g g (x)
hare £,2) and £, ara Glikey=Sael fficients for F(5) and F4) from their HK ions:
where E;, 77 and E, " are Gilkey—Seeley coefficients for F5) and F(4) from their expansions:
o 1
Ban() = o7 im0 ) |y (52)
Hence divergent part of anomaly:
d—2,a|div _ 1 d_ 1/2 cFia  pF1  pho
Azl 7 m/d xg tr|2E,7° — B0 — E 2|, w — d/2 —0. (53)

A. Kalugin (MIPT & LPI)

Peculiarities of Schwinger — DeWitt technique ESF-2024 13 / 18



Determinant anomalies and surface terms

Minimal determinant anomaly

.A(I:'I_, .Ez) for minimal operators:

Fr=01+A, V™ +Q, Fo =01+ P, (54)
P2 T BB — P14 0,5, VOVAYT + B VEVE 1 ALV + 0, (55)
with coefficients
~ 1 A A A 2 A A
Rapy = 5 (gB'yAa +&vaAp +go<BA’y) ) Dyg = (P+ Q) 8aps
(56)
& 1. a A PPN PN i o 2 A a AR
Ay = —EAB (2Raﬁ 4+ 371&5) 12V P+ AP, U= 5Ao(v/ﬂz“f’ + AL VP + 0P + QP.
Using Eap, from [Barvinsky, Vilkovisky (1985)] for 12_1)2 and [Barvinsky, Wachowski (2022)]? for F13, we obtain:
. 1 2y g1/2
Ai’;2|d“’:——/ivaw", w—1-0, (57)
w—1 8T
. 1 d*x g1/? 1 /.0~ A 1. R
d—4 div _ e @ a3
A = /7V tr{——A P+ Q)) — —(A"R+ AgR
12" w-—2 1672 4 (A ) L sR™7)
1 A 7 . 2 A 11 A
— SV VAP — —OA* + Vv AP ¢ AV AP (58)
9 36 9 72
1 AF A Ay A U aoa &
— — (VoAPAG + VAN AP) & —(A*AgAP } —~2-0.
72 ( BT YA ) 2 AeA) “

Only total-derivative terms, as expected.

aS’Z—dependent part of Ea given in this work contained mistakes
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Determinant anomalies and surface terms

nminimal determinant a ly
Now 2" order nonminimal vector operators:
Flg(%):Dzsg — =xVVg +Xg,
(59)
Fg(\) =065 — AVVg + Vg
Their product is minimal if > = ﬁ:
2
F,_f:(A)Fzg(u):D 55 +DEHYV LV + HEH + UG, (60)
. - A
with coefficients (>c = 27):
apv a QN _pv &4 n ny v v vy _ap
DEM = (Xg + Y5 = o [(YB +RE)E™ + (Y5 + RE)g ]
A [e3
_ “w QUL sV av QU
; [(X*# + RO#)SE + (X + RY)sk]
1
HEH = —v(Y) +R§)7%(EV5R+V7Yg)g“°‘ +2viyg, (61)
o _ popy v o pY v oy o
Ug _%R’Y(RE +Yﬂ)—szv (Rﬁ +YB)+X’Y Ys +0vg
_ Zyny oy o, Ayap ap
2(Y +R )Rﬂ/ﬁ“ +2(X +RYM)Rg,, )
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Determinant anomalies and surface terms

Nonminimal determinant anomaly

Using Ex; from [Gusynin (1999)], [Barvinsky, Camargo, Kalugin, Ohta, Shapiro (2023)], and [Barvinsky, Wachowski
(2022)] we obtain:
d—2 div
ad2" Zo, 62)
i div. 1 / d*x gt/? {7(,\ —2)((A=2A+200 —1)log(1 = A) o
12 - (e
w—2 1672 24(X — 1)\
5A —4)(A —2)A +2(A — 1) log(1 — A A+1)((A—2)A+2(A —1)log(1 — X
L A 22+ 20 - logll ) oy MDA 2N 20 DiesE M) oy (ay)
1202 1272
A+ 4)(A—=2)A +2(X\ — 1) log(1 — )\))V yoB X = 1)((A —2)A +2(X — 1) log(1 7>\))Vay}
12(x — 1)A2 2 12(x — 1)A2 :
Again, only total-derivative terms.
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Conclusion

Double pole total-derivative term in the nonminimal Proca field 1-loop effective action is explained

Nonminimal massive Proca heat kernel is constructed
Double-pole term in Proca operator determinant is obtained via the heat kernel and the boundary term
summation method

A connection between determinant anomalies and total-derivative terms is established

The determinant variational formula argument is verified via explicit calculations for both minimal and

00 000

nonminimal operators
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Thank you for your attention!
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