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Heat kernel method in background �eld formalism

Heat kernel
Functional method in QFT

Allows for both UV and IR approximations on an arbitrary background

Used in QFT in curved spacetimes, quantum gravity, cosmology, etc. [Vassilevich (2003), Avramidi (2000)]

KF (s | x, y) ≡ esF δ(x, y), F−1 = −
∫ ∞

0

ds KF (s), logDet F = −
∫ ∞

0

ds

s
Tr KF (s) (1)

Asymptotic UV expansion
Schwinger � DeWitt technique for hermitian operator F , ord F = 2k, dimM = d [DeWitt (1965), Schwinger
(1961), Gilkey (1984), McKean, Singer (1967),...]

Tr esF ≡
∫
M

dd x KF (s | x, y)
∣∣
y=x

=
1

sd/2k

∞∑
n=0

An sn/2k , s → 0. (2)

An contains both volume and surface terms [McKean, Singer (1967)]

An =

∫
M

dd x En(x) +

∫
∂M

dd−1x Bn(x), (3)

with non-zero E2m(x) =
am(x,x)

(4π)d/2k
for even n = 2m.

Two types of surface terms:

Bn(x) are heavily dependent on boundary conditions and properties of ∂M [Kirsten (2002), Gilkey (2004)]

total derivative terms in E2m(x)
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Schwinger � DeWitt technique

The operator

FAB (∇)δ(x, y)
def
=

δ2S[φ]

δφA(x)δφB (y)
, F̂ (∇)Ĝ(x, y) = −1̂ δ(x, y), (4)

Γ
1−loop =

1

2
logDet F̂ (∇) =

1

2
Tr log F̂ (∇). (5)

Principal symbol
For FAB (∇) of order 2k:

FAB (∇) = D
α1...α2k
AB

∇α1 . . .∇α2k
+ ΠAB (∇), (6)

where ordΠAB (∇) ≤ 2k − 1. Matrix DAB (n)

DAB (n) ≡ D
α1...α2k
AB

nα1 . . . nα2k (7)

for some nα is the principal symbol of FAB (∇)

Minimal, nonminimal, and causal operators
Operator FAB (∇) is minimal, if its principal symbol has the form

DAB (n) = CAB (gαβnαnβ )k , (8)

where (a non-zero) matrix CAB is invertible and independent of nα.
Operator FAB (∇) is causal if

detDAB (n) = C(gαβnαnβ )k tr δAB ̸= 0. (9)
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Schwinger � DeWitt technique

Minimal (second order) operator

F̂2(∇) = □̂ + P̂, (10)

Early-time asymptotic expansion s → 0 [DeWitt (1965)]

K̂F2
(s |x, y) =

1

(4π)d/2

∆1/2(x, y)

sd/2
g1/2(y) exp

[
−

σ(x, y)

2s

] ∞∑
n=0

sn âF2n (x, y), s → 0. (11)

where σ(x, y) is the Synge world function

σ(x, y) =
1

2
(geodesic distance between x and y)2, (12)

∆(x, y) is the dedensitized Pauli � van Vleck � Morette determinant

∆(x, y) = g−1/2(x)g−1/2(y)
∣∣∣ det ∂x

α∂
y
β
σ(x, y)

∣∣∣ (13)

â
F2
n (x, y) are the Schwinger � DeWitt coe�cients

Hence, Tr K̂F2
is given in terms of coincidence limits [ân ](x)

def
= ân(x, y)

∣∣∣
y=x

which are calculated iteratively

Tr K̂F2
(s) =

∫
dd x

g1/2

(4πs)d/2

∞∑
n=0

sn tr[âF2n ](x), (14)

logDet F̂2
∣∣div
d

=
1

(4π)d/2

1

ω − d/2

∫
dd x g1/2 tr[â

F2
d/2

](x), ω → d/2 − 0. (15)
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Generalization for nonminimal operators

Perturbation theory

F̂ (∇|λ) = □δ
µ
ν − λ∇µ∇ν (16)

Let F̂ (∇) ≡ F̂ (∇|λ) be a λ-family of causal operators for λ ∈ [0, λ0) with F̂ (∇|0) being minimal. Choose K̂(n) as

D̂(n)K̂(n) = 1̂ (n2)m, m ≤ k tr 1̂, (17)

Going back to operators (nα 7→ ∇α), an additional term K̂1(∇) = O[ℓ−1

bg
] of order 2m − 1 appears:

D̂(∇)K̂(∇) = □̂m + K̂1(∇), (18)

and for F̂ (∇) = D̂(∇) + Π̂(∇):

F̂ (∇)K̂(∇) = □̂m + M̂(∇), M̂(∇) = Π̂(∇)K̂(∇) + K̂1(∇) = O[ℓ−1

bg
]. (19)

Perturbation theory in M̂ [Barvinsky, Vilkovisky (1983, 1985)]:

Ĝ = K̂(∇)
1̂

□
m

pmax∑
p=0

(−1)p+1
(
M̂(∇)

1̂

□
m

)p

+ O
[
ℓ
−(pmax+1)
bg

]
. (20)

logDet F̂ (∇|λ) = logDet F̂ (∇|0) + Tr

∫ λ

0

dλ′ dF̂ (∇|λ′)

dλ′
G(λ′) + δ(0)(. . . ). (21)

Series (20) e�ectively reduces the nonminimal Green function to the sum of universal functional traces

∇µ1 . . .∇µℓ

1̂

□
m δ(x, y)

∣∣∣
y=x

. (22)

P.T. is insensitive to total-derivative terms!
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Proca heat kernel and 1-loop double poles

Proca 1-loop e�ective action from perturbation theory
Proca operator

F (m2|∇) ≡ Fµ
ν (m2|∇) = □δ

µ
ν − ∇µ∇ν − m2

δ
µ
ν − Rµ

ν . (23)

Its GF is expressed in terms of minimal massive GF:

δαβ

F (m2|∇)
=

(
δ
α
ν −

1

m2
∇α∇ν

) δνβ

H(∇) − m2
, (24)

where H(∇) − m2 ≡ Hµ
ν (∇) − m2δµν = □δµν − Rµ

ν − m2δµν .

1

2
Tr log F̂ (m2|∇) =

1

2
Tr

∫ ∞

m2
dµ2

δµν

F (µ2|∇)
(25)

1

2
Tr log Fµ

ν (m2|∇)
∣∣∣div =

1

ω − 2

∫
d4x

g1/2

32π2

{
−

11

180
R2αβµν +

43

90
R2αβ −

1

9
R2 +

m2

2
R +

3

2
m4

−
1

12
(γE + logm2)□R −

1

30
□R

}
−

1

(ω − 2)2

∫
d4x

g1/2

32π2

1

12
□R.

(26)

Its principal symbol is degenerate:

det
(
n2δµν − nµnν

)
= 0 (27)

But if mass is included explicitly, a perturbation theory can be constructed:

Dµ
ν (n) = n2δµν − nµnν − m2

δ
µ
ν , Kµ

ν (n) = δ
µ
ν −

1

m2
nµnν , Fµ

α (m2|∇)Kα
ν (∇) = (□ − m2)δµν + Mµ

ν . (28)

With perturbation operator being purely potential Mµ
ν = −Rµ

ν
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Proca heat kernel and 1-loop double poles

Proca heat kernel
Heat kernel is given via Green function's Mellin transform:[

eτF (m2|∇)
]µ

ν
= −

1

2πi

∫
C
dz
[ ezτ

F (m2|∇) − z

]µ

ν

= −
1

2πi

∫
C
dz
[
δ
µ
λ

−
1

m2 + z
∇µ∇λ

][ ezτ

H(∇) − m2 − z

]λ

ν

=
[
eτ(H(∇)−m2)

]µ

ν
+ ∇µ∇λ

[ e−m2τ

H(∇)
−

eτ(H(∇)−m2)

H(∇)

]λ

ν
.

(29)

Using the Ward identity (□s is the scalar d'Alembertian)

δλν

H(∇)
∇λ∇µ =

1

□s

∇ν∇µ
(30)

∇β
[
eτ(H(∇)−m2) ] β

ν
= e−τm2

∞∑
n=0

τn

n!
∇β
[
H(∇) n

] β
ν

= e−τm2
∞∑
n=0

τn

n!
□n
s∇ν = eτ(□s−m2)∇ν ,

∇µ∇α
[
eτ(H(∇)−m2)]α

β

[ 1

H(∇)

]β
ν

= ∇µ eτ(□s−m2) 1

□s

∇ν .

(31)

The heat kernel then reads

KF (m2)
µ
ν (τ) = KH

µ
ν (τ) e−τm2 − e−τm2∇µ eτ□s − 1

□s

∇ν , (32)

which satis�es the heat equation.
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Proca heat kernel and 1-loop double poles

Γ 1−loop

div from the heat kernel
Does our heat kernel yield the same determinant?

Γ
1−loop = −

∫ ∞

0

dτ

τ
TrKF (m2)

µ
ν (τ), (33)

TrKF (m2)
µ
ν = TrKH

µ
ν e−τm2 − Tr

[
e−τm2∇µ eτ□s − 1

□s

∇ν

]
. (34)

Functional trace cyclicity involves integration by parts:

Tr∇µ eτ□s − 1

□s

∇µ =

∫
dd x dd y ∇µ eτ□s − 1

□s

δ(x, y)∇µδ(y, x)

= −
∫

dd x dd y ∇µ
(x)

[
∇(x)

µ

eτ□s − 1

□s

δ(x, y)δ(y, x)

]
+

∫
dd x dd y □s

eτ□s − 1

□s

δ(x, y)δ(y, x)

(35)

The additional total-derivative term is to blame for the double pole

TrKF (m2)
µ
ν = TrKH

µ
ν e−τm2 − TrK□s

e−τm2

+

∫
dd x ∇µ

[
∇µ eτ□s − 1

□s

δ(x, x′)
∣∣
x′=x

]
e−τm2

.

(36)
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Proca heat kernel and 1-loop double poles

Γ 1−loop

div from the heat kernel
The surface term in the heat kernel yields the double pole∫ ∞

0

dτ

τ
e−τm2

∫
dd x ∇µ

[
∇µ eτ□s − 1

□s

δ(x, x′)
∣∣
x′=x

]

=

∫ ∞

0

dτ

τ

∫ τ

0

ds

∫
dd x ∇µ

[
∇µ es□s−τm2

δ(x, x′)
∣∣
x′=x

]

=

∫
dd x

(4π)d/2

∞∑
n=0

(
m2
)−n+d/2−1 Γ(n − d/2 + 1)

n − d/2 + 1
∇µ

[
∇µa□n

∣∣
x′=x

]
.

(37)

In d = 4 the double pole is at n = 1:

1

2
logDet F (m2|∇)

∣∣∣div = −
1

(ω − 2)2

∫
d4x g1/2

32π2
∇µ[∇µa□1 ] + O((ω − 2)−1), (38)

where [∇µa□1 ] = 1
12

∇µR.
Including the rest of the terms in the heat kernel yields the same result as perturbation theory.
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Proca heat kernel and 1-loop double poles

Boundary terms summation method
Alternative method: following [Barvinsky, Vilkovisky (1985)], make use of Ward identity

∇α(□δ
α
β − Rα

β ) = □s∇β , (39)

Fµ
α (m2)

(
δ
α
ν −

1

m2
∇α∇ν

)
= (□ − m2)δµν − Rµ

ν . (40)

Whence:

Tr log Fµ
ν (m2) = Tr log

[
(□ − m2)δµν − Rµ

ν

]
− Tr log

[
δ
µ
ν −

1

m2
∇µ∇ν

]
+ δ(0)(. . . ). (41)

First term is Tr log of minimal operator, contains only simple poles. The second term:

Tr log

[
δ
µ
ν −

1

m2
∇µ∇ν

]
= −Tr

∞∑
n=1

1

n
∇µ □ n−1

s

m2n
∇ν = Tr∇µ 1

□s

log

(
1 −

□s

m2

)
∇ν

=

∫
dd x∇µ log(1 − □s/m

2)

□s

∇µδ(x, y)
∣∣∣
y=x

.

(42)

Using the identity

∇(x)f (x, x) = ∇(x)f (x, y)
∣∣
y=x

+ ∇(y)f (x, y)
∣∣
y=x

, (43)

we obtain the surface term:∫
dd x∇µ log(1 − □s/m

2)

□s

∇µδ(x, y)
∣∣∣
y=x

=

= Tr log

[
1 −

□s

m2

]
−
∫

dd x∇µ

∇µ
log
(
1 − □s/m

2
)

□s

δ(x, y)
∣∣∣
y=x

 .

(44)
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Proca heat kernel and 1-loop double poles

Boundary terms summation method
In d = 4 we have:

−
∫

dd x∇µ

∇µ
log
(
1 − □s/m

2
)

□s

δ(x, y)
∣∣∣
y=x

 =

=

∫
d4x∇α

{
∇α

∫ ∞

m2

dµ2

µ2

∫ ∞

0

ds e−sµ2 es□sδ(x, y)
∣∣∣
y=x

}

=

(
1

(ω − 2)2
+

γE + logm2

ω − 2

)∫
d4x g1/2

16π2

□R

12
+ O

(
(ω − 2)0

)
,

(45)

which also contains a double pole (and gives the same answer as the heat kernel method).
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Determinant anomalies and surface terms

Determinant anomalies
De�ne multiplicative (or determinant) anomaly for operators Ô1, Ô2 [Wodzicki (1984, 1987), Kontsevich (1994)]

Ô12
def
= Ô1Ô2, (46)

A(Ô1, Ô2)
def
= logDet Ô12 − logDet Ô1 − logDet Ô2. (47)

Relation with surface terms
Product determinant (order-preserving) deformation:

δ logDet[Ô12] ≡ δ[Tr log Ô12] = Tr[Ô−1
12 δÔ12] = Tr

[
Ô−1
2 Ô−1

1

(
δÔ1Ô2 + Ô1δÔ2

)]
. (48)

Cyclic permutations under Tr involves integration by parts:

δ logDet[Ô1Ô2] = δ logDet Ô1 + δ logDet Ô2 +

∫
M

dd x ∂µ[. . . ]µ. (49)

Hence, expect only surface terms in A(Ô1, Ô2). Verify this by explicit calculation of div parts of anomaly for

minimal & nonminimal 2nd order operators.
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Determinant anomalies and surface terms

Notation
Compact manifold M, dimM = d with indices: α, β, γ, . . .

Bundle indices A, B, C , . . . are omitted: φ ≡ φA, X̂ ≡ XA
B , X ≡ tr X̂ ≡ XA

A .
Connection ∇α is torsionless and compatible with metric gαβ on M.

[∇α,∇β ]vγ = R
γ
λαβ

vλ, [∇α,∇β ]φ = R̂αβ φ. (50)

Method of calculations
Let ord F̂(2) = 2, ord F̂(4) = 4, and ω → d/2 − 0. From Schwinger�DeWitt technique:

logDet F̂(2)
∣∣div =

1

ω − d/2

∫
dd x g1/2 tr Ê

F̂(2)
d

(x),

logDet F̂(4)
∣∣div =

2

ω − d/2

∫
dd x g1/2 tr Ê

F̂(4)
d

(x),

(51)

where Ê
F̂(2)
2m and Ê

F̂(4)
2m are Gilkey�Seeley coe�cients for F̂(2) and F̂(4) from their HK expansions:

Ê2m(x) =
1

(4π)d/2
âm(x, y)

∣∣
y=x

. (52)

Hence divergent part of anomaly:

Ad→2,4
12

∣∣∣div
d

=
1

ω − d/2

∫
dd x g1/2 tr

[
2Ê

F̂12
d

− Ê
F̂1
d

− Ê
F̂2
d

]
, ω → d/2 − 0. (53)
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Determinant anomalies and surface terms

Minimal determinant anomaly
A(F̂1, F̂2) for minimal operators:

F̂1 = □1̂ + Âα∇α + Q̂, F̂2 = □1̂ + P̂, (54)

F̂12
def
= F̂1F̂2 = □2

1̂ + Ω̂αβγ∇α∇β∇γ + D̂αβ∇α∇β + Ĥα∇α + Û, (55)

with coe�cients

Ω̂αβγ =
1

3

(
gβγ Âα + gγαÂβ + gαβ Âγ

)
, D̂αβ =

(
P̂ + Q̂

)
gαβ ,

Ĥα = −
1

3
Âβ
(
2Rαβ + 3 R̂αβ

)
+ 2∇αP̂ + ÂαP̂, Û =

1

3
Âα∇βR̂αβ + Âα∇αP̂ + □P̂ + Q̂P̂.

(56)

Using Ê2m from [Barvinsky, Vilkovisky (1985)] for F̂1,2 and [Barvinsky, Wachowski (2022)]a for F̂12, we obtain:

Ad→2
12

∣∣div = −
1

ω − 1

∫
d2x g1/2

8π
∇αAα

, ω → 1 − 0, (57)

Ad→4
12

∣∣div =
1

ω − 2

∫
d4x g1/2

16π2
∇α tr

{
−

1

4

(
Âα(P̂ + Q̂)

)
−

1

12
(ÂαR + ÂβRαβ )

−
1

9
∇α∇β Âβ −

7

36
□Âα +

2

9
∇β∇αÂβ +

11

72
Âα∇β Âβ

−
1

72

(
∇αÂβ Âβ + ∇β ÂαÂβ

)
+

1

24
(ÂαÂβ Âβ )

}
, ω → 2 − 0.

(58)

Only total-derivative terms, as expected.

a
Ω-dependent part of Ê4 given in this work contained mistakes
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Determinant anomalies and surface terms

Nonminimal determinant anomaly

Now 2nd order nonminimal vector operators:

F1
α
β (κ) = □δ

α
β − κ∇α∇β + Xα

β ,

F2
α
β (λ) = □δ

α
β − λ∇α∇β + Yα

β .
(59)

Their product is minimal if κ = λ
λ−1

:

F1
α
γ (λ)F2

γ
β
(κ) = □2

δ
α
β + Dα

β
µν∇µ∇ν + Hα

β
µ + Uα

β , (60)

with coe�cients (κ = λ
λ−1

):

Dα
β

µν = (Xα
β + Yα

β )gµν −
κ
2

[
(Y

µ
β

+ R
µ
β
)gαν + (Yν

β + Rν
β )gαµ

]
−

λ

2

[
(Xαµ + Rαµ)δνβ + (Xαν + Rαν )δ

µ
β

]
,

Hα
β

µ = −κ∇α(Y
µ
β

+ R
µ
β
) − κ(

1

2
∇βR + ∇γY

γ
β
)gµα + 2∇µYα

β ,

Uα
β = κRα

γ (R
γ
β

+ Y
γ
β
) − κ∇γ∇α(R

γ
β

+ Y
γ
β
) + Xα

γ Y
γ
β

+ □Yα
β

−
κ
2
(Yµγ + Rµγ )R

α
γβµ

+
λ

2
(Xαµ + Rαµ)Rβµ.

(61)
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Determinant anomalies and surface terms

Nonminimal determinant anomaly
Using E2m from [Gusynin (1999)], [Barvinsky, Camargo, Kalugin, Ohta, Shapiro (2023)], and [Barvinsky, Wachowski
(2022)] we obtain:

Ad→2
12

∣∣∣∣div = 0, (62)

Ad→4
12

∣∣∣∣div =
1

ω − 2

∫
d4x g1/2

16π2
∇α

{
7(λ − 2)((λ − 2)λ + 2(λ − 1) log(1 − λ))

24(λ − 1)λ
∇αR

+
(5λ − 4)((λ − 2)λ + 2(λ − 1) log(1 − λ))

12λ2
∇βXαβ +

(λ + 1)((λ − 2)λ + 2(λ − 1) log(1 − λ))

12λ2
∇αX

−
(λ + 4)((λ − 2)λ + 2(λ − 1) log(1 − λ))

12(λ − 1)λ2
∇βYαβ −

(2λ − 1)((λ − 2)λ + 2(λ − 1) log(1 − λ))

12(λ − 1)λ2
∇αY

}
.

(63)

Again, only total-derivative terms.
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Conclusion

Main results
1 Double pole total-derivative term in the nonminimal Proca �eld 1-loop e�ective action is explained

2 Nonminimal massive Proca heat kernel is constructed

3 Double-pole term in Proca operator determinant is obtained via the heat kernel and the boundary term
summation method

4 A connection between determinant anomalies and total-derivative terms is established

5 The determinant variational formula argument is veri�ed via explicit calculations for both minimal and
nonminimal operators
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